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Abstract 
This thesis develops a modeling framework for the pricing of a synthetic 
Collateralized Debt Obligation on Asset-Backed Securities (CDO on ABS) and 
other credit derivatives on ABS. A credit derivative with ABS exposure has 
attracted much attention in recent years. As one of the latest innovations in the 
financial market, a credit derivative on ABS is different to the traditional credit 
derivative in that it sources credit risks from the ABS market, for example the 
Sub-Prime mortgage market, rather than from the market for corporate default 
risks. The traditional credit risk models are all designed for corporate default risks 
however they do not cover some of the unique features associated with an ABS. 
Motivated by this modeling discrepancy, in this thesis we design a credit risk 
model for the pricing and risk management of credit derivatives on ABS. 
The thesis starts with an introduction to some related products and markets. The 
difficulties in the construction of a pricing model for credit derivatives on ABS 
are outlined and some basic concepts are introduced to simplify the problem. The 
foundation of the model is based on a reduced fonn approach, where defaults are 
driven by an explicit intensity. A prepayment intensity is also introduced to drive 
the dynamics of the future cash flow of an ABS asset. For multiple name products 
such as a CDO on ABS, we model the default and prepayment dependency 
between each of the single name assets via a copula approach, where the 
interdependency of default and prepayment of each single name asset is also 
dynamically captured in an integrated framework. A semi analytical solution is 
derived for the model via a Fourier transfonn method. Some variance reduction 
techniques are also examined for an efficient Monte-Carlo implementation of the 
model for pricing and risk calculation purposes. A traditional credit derivative can 
also be priced as a special case within our modeling framework. 
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Chapter 1 
Introduction 
In this thesis we build up a modeling framework to price credit derivatives on 
Asset-Backed Securities (ABS). A Credit derivative with ABS exposure is one of 
the latest innovations in the financial markets. The ABS market is a rich source 
for credit risks, for example the Home Equity or Sub-Prime mortgage market. An 
ABS credit derivative market enables investors to take on credit risk from the 
ABS market. The success of this market is expected to match that of the 
corporate credit derivative market. A credit derivative on ABS is designed to 
replicate the real cash flow profile of the underlying ABS assets, which introduces 
extra complexities to pricing of a credit derivative of ABS, especially on some 
complex credit derivatives on ABS such as a Collateralized Debt Obligation 
(CDO) on ABS. In this thesis, we are trying to standardize the features that ABS 
introduces into the credit derivative world. A modeling framework is developed 
for the pricing and risk management of these new products. 
The first version of the standardized contract for Credit Default Swaps (CDS) on 
Asset-Backed Securities (ABS) is introduced in June 2005, which is also referred 
to as an ABS CDS or a Synthetic ABS. ABS CDS enables ABS investors the 
ability to take on risk synthetically. More importantly it transforms ABS away 
from a "long risk only" market and provides ABS investors with the ability to 
short the market and hedge positions. A Collateralized Debt Obligation (CDO) on 
ABS is a CDO backed by a basket of ABS or ABS CDS'. A liquid ABS CDS 
market then allows the arrangers of the CDO on ABS to either source or hedge 
It is referred as a synthetic C D O on A B S if the collateral is a basket of ABS CDS. 
risks in the ABS CDS market, and manage any residual risks from a single 
tranche of synthetic CDO on ABS if the entire synthetic CDO capital structure is 
not distributed. 
The trading of CDO tranches on ABS bears many similarities to corporate CDS 
correlation trading, which has already achieved a significant success during the 
past several years. The success of corporate CDS correlation trading was mainly 
relying on the liquidity provided by single name corporate CDS market as well as 
some clearly defined risk parameters introduced in a standardized mathematical 
model ^  for the pricing of corporate CDO tranches. Market participants are 
expecting similar success in the ABS world. However, the unique attributes of an 
ABS such as amortization and prepayment introduce some extra complexities into 
the synthetic ABS products. Standard mathematical models used to price 
corporate CDS and CDO tranche are not directly applicable to the ABS market. 
The recent sub-prime mortgage crisis in 2007 provides a real example that how 
the underlying ABS cash market might affect the prices of the synthetic ABS 
products. The sharp turndown of the sub-prime market not only significantly 
widening the credit spreads but has also slowed down the prepayments, which 
forces some protection sellers of a mezzanine CDO tranche on ABS to suffer an 
extension risk. In addition, the correlation between the underlying assets of a 
CDO on ABS is interpreted as a default correlation in a bad market and a 
prepayment correlation in a good market, and the default and prepayment are two 
states of an ABS that preclude each other. All the required dynamics and attributes 
are not captured in the standard corporate CDO tranche pricing model. A proper 
pricing model is urgently needed for the further development of synthetic ABS 
^ The Gaussian Copula model introduced by Li (2000) defined the default correlation. The model is based on 
the so-called Reduced-form or intensity model where default time is modeled as a totally inaccessible 
stopping time and driven by a default intensity that is a function of latent state variables. This model is 
fol lowed by Jarrow and Tumbull (1995), Duff ie and Singleton (1997) (1999) and Lando (1998). 
market, and the model should both decompose the complexity introduced by the 
ABS and have the ability to capture the unique attributes associated with an ABS. 
In this thesis, we develop a model for the pricing of a CDO on ABS. Following 
the reduced form model, we introduce the concept of the prepayment time for a 
single ABS asset as a stopping time that is driven by a prepayment intensity. 
Associated with the default time that has already defined in the reduced foitn 
model, we define the event time of an ABS asset as the minimum of the 
prepayment time and default time, which is also a stopping time. The ABS asset 
ceases to exist after an event time, and the event can be a default event or a 
prepayment event. For a given time horizon, a single ABS asset is then defined to 
have three possible states; default, prepayment and survival, where the default and 
prepayment are absorbing states^. The amortization and loss of a single ABS asset 
are then contingent on the state of the asset at each time point. A scheduled 
amortization function is also introduced as a non-increasing detennined function 
against time to reflect the scheduled principal repayment of an ABS. A fixed 
recovery rate^ is assumed on a default event as the percentage of the outstanding 
notional to be repaid back to the ABS asset, and the rest of the notional is the loss 
suffered by the ABS asset on a default event, namely, loss given default. With 
these building blocks, we extend the Gaussian copula model used for corporate 
CDO tranche pricing, and under which, the correlation of default and prepayment 
between each of the single ABS assets within an ABS basket is captured, and the 
interdependency of prepayment and default on each single ABS asset is 
dynamically characterized. In the extended Gaussian copula model, the 
correlation is applied to each of the ABS pools that the underlying single ABS 
' In mathematics, an absorbing state is a special case of recurrent state in a Markov process in which the 
transition probabili ty is equal to 1. A process will never leave an absorbing state once it enters. 
The recovery rate can be assumed to be random however it is beyond the interests of this thesis. 
assets referenced to, which retains the default and prepayment order of those 
underlying single ABS assets backed by the same ABS pool. 
The extended Gaussian copula model is actually a pricing model for a CDO 
tranche with underlying assets having prepayment and amortization features. It 
can be applied directly for the pricing of a CDO on ABS, where a simplified 
model is specified in Chapter 3 with each of the underlying assets of the CDO on 
ABS treated as a single ABS asset. However, a single name ABS CDS or ABS 
bond (the cash form of an ABS) is backed by an internal tranche on an ABS pool 
with thousands or even millions of individual ABS loans. The model is also 
applicable for the pricing of these internal ABS tranches. Due to the lack of 
market information on the individual loans, an internal ABS tranche model must 
rely on a lot of assumptions on the constituents of the ABS pool. We examine a 
diversity score approach for the pricing of an internal ABS tranche where an ABS 
pool is assumed to be a large homogeneous portfolio. With the diversity score 
approach, a CDO tranche on ABS can be priced as a tranche of the internal 
tranches. More importantly, this diversity score approach can be used for the 
bootstrapping of the term structure of default and prepayment intensities of a 
single ABS asset under the simphfied model. 
Our model introduces a prepayment intensity to capture the uncertainty of the 
amortization of an ABS asset. The prepayment and default are placed in an 
integrated framework where a Gaussian copula describes the correlation between 
each of the single ABS assets. Similar to the standard pricing model of corporate 
CDO tranche, we achieved conditional independence using a latent factor 
approach, and a semi-analytical solution is derived via a Fourier transform 
method. The modeling framework also naturally provides a Monte-Carlo 
simulation procedure. Our model is also compatible with to a standard corporate 
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CDO tranche. By assuming a zero prepayment intensity and a constant scheduled 
amortization function, our model becomes a pricing model for corporate CDO 
tranches, where a corporate CDO tranche pricing represents a special case in our 
model. 
The thesis is organized as follows. Chapter 2 starts with some introduction to the 
background of the products and we review the related literatures. The difficulties 
for the construction of a pricing model are outlined and some basic concepts are 
introduced for the simplification of the problem. Using these basic concepts and 
some key results from the literatures. Chapter 3 builds the foundation of our 
model and a simplified pricing model for a CDO tranche on ABS is presented. 
The pricing of ABS CDS, ABS bond and CDO tranche on ABS are examined and 
some parameter calibration issues are discussed under the simplified model. Some 
further simphfied variations of the model are introduced and the pro and cons are 
discussed with some numerical examples. Chapter 4 continues with the 
simplified model, and a Fourier transform method is presented for achieving the 
semi-analytical solution of the model. Some variance reduction techniques are 
also examined for an efficient Monte-Carlo implementation of the model for the 
pricing and risk calculation purposes. In Chapter 5, we examine the full capital 
structure of a CDO tranche on ABS by looking into the bottom level of the 
product: the individual ABS loans. A diversity score approach is introduced based 
on the assumption that an ABS pool is large and homogeneous. The approach 
avoids the problem of getting unobservable detailed information on each of the 
individual ABS loans. The simplified model is then applied for the pricing of an 
internal tranche. By linking the pricing of an ABS CDS to the valuation of an 
internal tranche, we provide that a method for the bootstrapping of the term 
structures of default and prepayment intensities of a single name ABS CDS. 
Chapter 6 draws a conclusion and indicates possible future research. 
II 
Chapter 2 
Literature Review 
A CDO on ABS is one of the latest innovations in the recent credit derivative 
market. The product is an application of credit derivative and CDO technology to 
the structured finance products. Due to the complex structure of a CDO tranche 
on ABS, we start with an introduction to the background of the related products 
and the market. Some basic concepts are introduced to clarify the features of the 
product. Related literature on the modeling side will be reviewed following the 
introduction of product background. We will give a summary at the end of this 
chapter. 
2.1 An Introduction to the Background of CDO tranche on ABS 
In June 2005, ISDA published two new contracts: the "Pay As You Go" (PAUG) 
and the "Cash or Physical Settlement" (CPS). The CPS, developed by the 
European dealer community, is very close to the traditional Corporate Credit 
Default Swaps (CDS) in that it provides a single settlement in the event of default 
on a single name ABS tranche. A single name ABS tranche is referred to as a 
tranche backed by a pool of individual ABS loans, we will refer to the ABS 
tranche as the internal tranche in the rest of this thesis to distinguish it from a 
CDO tranche on an ABS. The PAUG, designed for use on Home Equity, RMBS 
and CMBS reference obligations, attempts to closely replicate the cash flows on 
the underlying internal tranche providing a much more realistic synthetic position 
in the underlying. Since then the market has launched synthetic indices for home 
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equity ABS, the ABX.HE. More details of ABX.HE can be found in the Asset 
Backed CDS user's guide provided by Markit^ (2006). In February 2007, the 
market launched TABX, a standardized tranche of the ABS indices representing 
the synthetic asset backed benchmark indices referencing U.S sub-prime 
residential mortgages. 
The synthetic ABS market developed following exactly the same route as 
happened in corporate credit derivatives market^. During the past few years, the 
credit derivatives market has seen a significant expansion, and products that 
depend on credit default have become increasinly popular, among these the 
Synthetic CDO is the most successful. The huge successes of the CDO are 
achieved via a so-called "tranching" technology that provides a way to create 
widely different risk-return characteristics to meet the requirements of investors 
with all kinds of risk appetites. 
2.1.1 Credit Default Swaps 
A credit derivative is designed as a financial contract that allows investors to take 
or reduce credit default risks. In the corporate world, the credit default risk is 
normally sourced from a corporate bond, and in the ABS world, it is sourced from 
an ABS collateral. Credit default swaps (CDS) are the cornerstone of the credit 
derivatives market. A CDS is an agreement between two counterparties to 
exchange the credit risk of a reference entity or obligation. In a standard CDS 
contract, the two counterparties are nonnally referred to as the seller and the 
' The Markit Group Limited is a financial services provider. They deliver independent data, asset pricing and 
forecasting, and research services. They also act as a clearing house that publishes daily ABX.HE and TABX 
prices. 
' CDX and iTraxx are corporate CDS indices used to hedge credit and credit correlation risks. 
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buyer of the CDS. The seller is referred to as a protection seller, who collects a 
periodic fee payment or premium if the credit of the reference entity or obligation 
remains stable while the swap is outstanding. Selling protection has a similar 
credit risk position to owning a bond or loan, namely long risk. The buyer under 
the credit default swap is referred to as a protection buyer. The buyer usually pays 
the premium if the reference entity remains stable while the swap is still 
outstanding. On a credit event such as the reference entity defaulting, the 
protection buyer gets compensation or protection from the seller to cover the loss 
due to the credit event. In a standard CDS contract, a fixed premium spread will 
be specified at the beginning of the contract, which is a rate that will applied to 
the notional amount of the CDS and the periodic premium will be calculated 
based on the spread and the notional amount. The fixed premium spread expresses 
the views on the referenced credit risk that are commonly agreed between the 
seller and the buyer^. In a CDS market, a quoted CDS premium spread reflects 
the common view on the associated credit risk of the participators in the market, 
which is also referred to as the CDO market spread. 
2.1.2 Collateralized Debt Obligation 
A collateralized debt obligation (CDO) is a security that is backed by or linked to 
a pool of credits. The credits can be assets, such as bonds or loans, or simply 
defaultable names, such as companies or countries. Generally, there are two types 
of CDOs: cash and synthetic CDOs. A cash CDO is backed by "true" assets, such 
as bonds or loans, and its payoffs, either coupons or principals, come from the 
actual cash flows of the assets in the pool. Unlike a cash CDO, synthetic CDOs 
' Sometimes there is an upfront fee payment. For example, if the protection seller has a strong anticipation a 
credit event will happen in the near future. 
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are linked to their reference entities by credit derivatives, such as credit default 
swaps. The payoffs of most synthetic CDOs are only affected by credit events, for 
example defaults of the reference entities, and are not related to the actual cash 
flows of the pool. 
A common structure of CDOs involves a tranching technique that can be 
described as slicing the credit risk of the reference pool into a few different risk 
ranges. A "slice" of credit risk, the credit risk between two risk levels, is called a 
tranche. Multiple tranches are issued by a CDO, offering various maturity and 
credit risk characteristics, which are generally categorized as senior, mezzanine 
and equity pieces, according to the credit risk associated with the tranche. If there 
are credit events or the CDO's collateral underperforms, scheduled payments to 
the senior tranches take precedence over those of the mezzanine tranches, and 
scheduled payments to the mezzanine tranches take precedence over those to the 
equity tranches. 
A synthetic CDO tranche is a credit derivative where the credit risks are 
determined by the reference pool and the risk range specified in the tranche. The 
lower bound of the risk range is called an attachment point and the upper bound a 
detachment point. For example, a 5%-10% tranche has an attachment point of 
5% and a detachment point of 10%. When the accumulated loss of the reference 
pool is no more than 5% of the total initial notional of the pool, the tranche will 
not be affected. However, when the loss has exceeded 5%, any further loss will be 
deducted from the tranche's notional until the detachment point, 10%, is reached, 
at which point, the tranche is wiped out. Usually, a synthetic CDO tranche is 
traded as a CDS, where a fixed premium spread is agreed between the seller and 
buyer as the price of the credit risk associated with the referenced tranche. We can 
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see that the price of a single CDO tranche is determined by the distribution of the 
cumulative loss of the reference pool. Therefore the correlation of defaults 
between each of the assets within the reference pool is a key parameter of a 
pricing model for single CDO tranches. 
2.1.3 Asset-Backed Securities 
Asset-Backed securities (ABS) are securities backed by or linked to a pool of 
assets. In the United States the convention is to distinguish between 
mortgage-backed securities (MBS) and ABS^. Under the convention the ABS are 
referred to as securities backed by assets other than mortgage loans, for example, 
auto loans, credit card receivables, student loans, etc. However there are certain 
types of mortgage loans that in the United States are classified as part of the ABS 
market: the home equity loans (HEL) and manufactured housing loans. The reason 
behind this convention is that MBS typically entail no credit risk due to 
government guarantees. ABS generally lack such guarantees, so they entail credit 
risk. 
ABS and MBS are amortizing securities, which means their cash flows include 
scheduled principal repayments prior to their maturities. In addition, the amount 
that the borrower can repay in principal may exceed the scheduled amount and 
this excess amount of principal repayment over the amount scheduled is called a 
prepayment. The prepayment risks of the non-mortgage ABS are slight compared 
to that of MBS and mortgage ABS. This is because consumers are more likely to 
refinance a home than an auto in response to a drop in interest rates. A 
' In some countries the term A B S refers to all types of securities loans that including mortgage loans. 
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prepayment rate or prepayment speed is then introduced for the calculation of the 
projected cash flow of ABS, MBS and other amortizing securities. One of the 
commonly used prepayment rate is called the Conditional Prepayment Rate 
(CPR). A CPR is an annualized prepayment rate that estimates monthly 
prepayments conditional on the remaining principal balance. The CPR can be 
calculated via the following formulas. 
.12 
where 
{BeginningPoolBalance - EndingPoolBalance) - Scheduled Pr incipal SMM = -
BeginningPoolBalance — Scheduled Pr incipal 
In Chapter 3, we introduce the concept of prepayment intensity, which can be 
linked to the definition of the CPR. 
ABS can be structured into different classes or tranches, much like the CDO. 
Usually bonds are issued based on some specific tranches, which will be referred 
to as ABS bonds in the rest of this thesis. 
2.1.4 Credit Derivatives on Asset-Backed Securities 
As discussed earlier in this chapter, the current ABS credit derivative market is 
concentrating on home equity ABS. Home equity loans (HEL) are residential 
mortgage loans that usually offered to borrowers who have incomplete or poor 
credit histories. HEL are also referred as sub-prime loans, which is in contrast to 
the prime loans in MBS where the borrowers have strong credit histories. Home 
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equity loans entail credit risk, and the home equity ABS CDS are introduced to 
transfer this credit risk. Different to the standard corporate CDS, the home equity 
ABS CDS also entail prepayment risk since the ABS CDS contract was designed 
to replicate the actual cashflow of the underlying ABS asset, normally an ABS 
bond. 
We generally refer ABS CDS as the CDS with underlying assets having 
amortization, prepayment and default features. A synthetic CDO tranche on ABS 
is then referred to a CDO tranche on a pool of ABS CDS. The diagram below 
demonstrates the structure of a synthetic CDO on ABS. 
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Compared to the standard pricing model for a corporate CDO tranche, the pricing 
model for a CDO tranche on ABS should have the extra ability to incorporate the 
amortization and prepayment features that are inherited from the underlying ABS. 
2.2 A Review of the Related Literature 
From the product review in the last section, we can see that the pricing of an 
ABS-related credit derivative is similar to the pricing of a corporate credit 
derivative. Regarding the pricing of a credit default swap, the pricing routine 
involves the calculation of the present values of the premium and protection legs. 
Estimating the loss distribution of the referenced asset or portfolio over its whole 
life becomes the core of modeling a CDS or CDO tranche. In the corporate world, 
it is straightforward since the loss is only contingent on the default of the 
referenced entities (so called "reference entity"). However, in the ABS world, an 
ABS CDS is written on a basket of assets (so called "reference obligation") rather 
than an entity or company. In addition to the default loss suffered by the 
referenced assets, early repayments on the assets also introduce some uncertainty 
to the future cash flow of an ABS CDS. An early repayment is usually referred as 
a prepayment. So the risk of an ABS CDS is sourced from both default and 
prepayment. Although prepayment does not directly lead to a loss, it always has 
some impact on the estimation of the loss distribution of the referenced asset or 
basket of assets. In addition, the prepayment has an even bigger impact on the 
premium leg since a high prepayment rate will sharply reduce the notional that an 
ABS CDS spread applies to. 
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In this section, we review some related credit default models used in the corporate 
world as well as some prepayment models used for the pricing of 
Mortgage-backed securities (MBS). Some default dependency models will also be 
reviewed for the construction of our default and prepayment dependency model 
for the pricing of a CDO tranche on ABS. 
2.2.1 Structural Model 
The modeling of corporate credit default risk started with the structural model 
introduced by Black and Scholes (1973) and Merton (1974). The model assumes a 
fundamental firm value process following a lognormal diffusion process that 
driving the values of all the bonds issued by the firm. A default occurs only at the 
maturity of a bond if the firm exhausts its assets. Under this modeling framework, 
the firm's value becomes the driving force behind the dynamics of the prices of all 
securities issued by the firni. All claims on the firna's value are modeled as 
derivative securities with the firm's value as underlying. Then a defaultable bond 
issued by the firm is priced as a European option on the firm's value. 
However, the unrealistic assumption that default can only occur at the maturity 
leads to a significant underestimation of the probability of default comparison to 
the historical experiences. Black and Cox (1976) then relax this assumption and 
allow default to occur when the value of the firm's assets reaches a lower 
threshold, and the model becomes more similar to a baixier option model. 
Longstaff and Schwartz (1995) develop a simple new approach to valuing risky 
debt by extending the Black and Cox (1976) model to allow for uncertainty in the 
interest rate, and they derive a semi-closed fonn solution. In their model, default 
is modeled by an indicator function that takes value one if firm value V reaches 
a threshold value K during the life of the bond, and zero otherwise. When the 
firm value reaches the threshold value default occurs, the payoff of the contingent 
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claim jumps to a recovery value. This payoff function can be expressed as 
where \ - w is the proportion of par value the bondholder receives 
when default occurs, and r is the first time V is less than or equal to K. 
The credit spread is defined as the difference between risky debt's 
yield-to-maturity and the risk-free interest rate. The bigger the credit spread, the 
more risky the corporate debt. In Merton (1974), credit spread is defined as: 
^ - r = - ln[Ar(6/,) + ) / .L'] / 7 
where d^=—^ + Q.Scj-Jt=d^- cr^T , L'=—— 
o•^|T Fg 
The credit spread in Merton (1974) model only depends on the initial asset value 
and asset volatility since the interest rate is assumed constant. However, in the 
Longstaff and Schwartz (1995) model, the credit spreads are driven by two factors: 
an asset-value factor and an interest-rate factor. Longstaff and Schwartz (1995) 
point out that the correlation between the two factors plays a critical role in 
determining the properties of credit spreads. They find that the implications of 
their valuation model are consistent with the properties of credit spreads implicit 
in Moody's corporate bond yield averages. In particular, the model implied credit 
spreads are inversely related to the level of the model implied interest rates and to 
the return on the firm's assets or equity. Furthermore, differences in credit spreads 
across industries and sectors appear to be related to differences in correlations 
between equity returns and changes in the interest rate. The result provides their 
strong evidence that both default risk and interest risk are necessary components 
for a valuation model of corporate debt. 
CreditGrades (2002) set up a model linking the credit and equity markets. In this 
model, the firm value is assumed to follow the same stochastic process as 
assumed by Merton (1974). They define default as the first fime the firm value 
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crosses the default barrier or threshold which is defined as the amount of the 
firm's assets that remain in the case of default, which is the recovery value that 
the debt holder receives, L- D , where L is the average recovery on the debt and 
D is the firm's debt-per-share, i.e. the ratio of the value of the liabilities to the 
equivalent number of shares. In contrast to other models we have mentioned, this 
model introduces randomness in the average recovery value L . They assume that 
the recovery rate L is drawn from a lognonnal distribution with a mean L and 
a percentage standard deviation. Under these assumptions, they obtain a closed 
form formula for the survival probability. 
Further papers using this approach in a default-free interest rate setup are Merton 
(1977) and Geske (1977). Geske models defaultable debt as a compound option 
on the firm's value. 
Leland (1994) recognizes that, for continuously paid coupons in continuous time, 
the coupon paid over an infinitesimal interval, is itself infinitesimal. Therefore the 
value of equity simply needs to be positive to avoid bankruptcy over the next 
instant. In discrete time, the equity value at each period must exceed the coupon 
to be paid that period. He argues that bankruptcy is not triggered by a cashflow 
shortage but by a negative equity value because if equity value remains, a firm 
will always be motivated and able to issue additional equity to cover the shortage 
of cashflow, rather than declare bankruptcy. Following these considerations, 
Leland (1994) considers that bankruptcy will occur only when the firm cannot 
meet the required (instantaneous) coupon payment by issuing additional equity, i.e. 
when equity value falls to zero. The equity value E must be nonnegadve for all 
firm values V that are greater than or equal to the bankruptcy value Vg. The lowest 
possible value for Vg consistent with positive equity value for all V >Vg is 
such that — L_. = 0 . 
Eom, Helwege and Huang (2003) tests five structural models of corporate bond 
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pricing: those of coupon version Merton (1974), Geske (1977), Leiand and Toft 
(1996) and Longstaff and Schwartz (1995). They implement the models using a 
sample of 182 bond prices from firms with simple capital structures during the 
period 1986-1997. 
Extensions to the original modeling approach include having a jump-diffusion 
process for the firm's value, for example, Schonbucher (1996). It solves the 
problem of the unrealistically low short term credit spread in the structural models 
based on a diffusion process. 
Structural models are also sometimes referred to as an option-based model since it 
models a defaultable bond as an option on the firm's value. The model has the 
advantages that the seniorities of different securities issued by the same firm are 
retained within the firm's capital structure, and defaults are endogenously 
generated within the model. A CDO has a very similar structure to the firm's 
capital structure, where each tranche represents a contingent security with a 
particular seniority in the full capital structure. In Chapter 3, this idea will be 
applied for the setting up of our basic model to capture the default and 
prepayment dependences of different single name ABS CDS that referenced to the 
same ABS pool. The structural models have their disadvantages that a credit 
spread is not directly producible from the model, and the models rely on a 
meaningful continuous process for the firm's value that is not always easily 
observable from the market. 
2.2.2 Reduced Form Model 
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In a reduced form model, the default time is modeled directly as the first jump 
time of a Cox process (a Poisson process if the intensity is deterministic), or more 
generally, a totally inaccessible stopping time with an intensity. 
The reduced form models were originated with J arrow and Tumbull (1995), 
Duffie and Singleton (1997) and Lando (1998). As pointed out in Fabozzi 
(2004), the three key elements in the reduced form models are: the default time, 
recovery rate and risk-free interest rate. The theoretical framework behind the 
reduced form models is the Poisson process, or more generally, a Cox process. In 
stochastic theory, one of the two fundamental random processes is the Poisson 
process^. A Poisson process is defined by a so-called counter process N{t), and 
the counter, given as a function of time, represents the number of events that have 
occurred in time interval (0,/) . The number of events in a finite time interval 
(?, ,?2) follows the Poisson distribution, which is given as 
)-N{t,) = «] = [^(^2-A)] 
n\ 
where X is called the intensity parameter of the Poisson process. An 
inhomogeneous Poisson process is then referred as a Poisson process with the 
intensity as a deterministic function of time. Further more, if the intensity itself is 
a stochastic process, then the counting process is called a Cox process, or a doubly 
stochastic Poisson process. For more on Poisson process and Cox process, see 
Grandell (1976) and Kingman (1993). 
' The other is the Wiener process or Brownian motion, which is the foundation of the famous Black-Scholes 
option pricing f ramework. 
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In a reduced form model, the first event of the Poisson process is defined as a 
default, and the intensity is called the default intensity. Therefore, a reduced form 
model is also referred to as an intensity-based model. Then the probability of a 
default occurring over a small time interval A/ is given by /I • A/, conditional 
on the entity not having previously defaulted. The time it takes until the default 
event occurs is called the default time. With a constant default intensity, the 
default time r follows an exponential distribution, and the entity's default 
over a time period (0,f) is given by 
V[T<t] = \-e-'' 
Jarrow and Tumbull (1995) consider the simplest case where the default is driven 
by a homogeneous Poisson process with a known recovered payoff at default. 
Jarrow, Lando and Tumbull (1997) extended the model to incorporate different 
credit ratings. In the model, the transition probabilities are obtained from the 
rating transition tables published periodically by the rating agencies. They 
proposed that the default probability is then modeled by the progression of the 
transition probabilities of a Markov chain. However their use of ratings leads to 
the assumption that all credits with the same rating must have the same credit risk. 
This results in the same credit spread for all issues with the same rating, which is 
inconsistent with the observed market credit spreads. Madan and Unal (1998) 
developed a reduced form model where the intensity of the default is driven by an 
underlying stochastic process that is interpreted as the firm's value process. The 
payoff in default in the model is assumed to be a random variable. 
Duffie and Singleton (1997) developed a reduced form model that allows the 
recovered payment to be occurred at any time. This is an extension to the Jarrow 
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and Tumbull (1995) model where the recovered payment is only happened at the 
maturity. In addition, Duffie and Singleton (1997) model the recovered payment 
as a fraction of the value of the defaultable security just before default time. 
Lando (1998) proposed a reduced forni model using the Cox processes, where a 
framework for multiple defaults is also provided. In this model, the stochastic 
default intensities are assumed conditional on a set of exogenous state variables, 
which can be interpreted as some economical factors or market factors. The 
default intensities are assumed independent conditional on some realization of the 
common state variables, and the default dependences are sourced from the 
common state variables. 
Reduced form models are also referred to as intensity-based models since the 
model rely on a default intensity that measures the likelihood of a default happens 
per unit time interval. Reduced form models are attractive in the credit derivatives 
market because the models provide a framework that the risk-neutral default 
probabilities can be calibrated directly from the credit spread curves via the 
concept of default intensities. This feature favored the credit derivative market for 
relative pricing purposes, and the models soon became the building blocks for the 
pricing the complex credit derivatives, for example the Nth-to-default swaps and 
CDO tranches. In Chapter 3, we also set up the default and prepayment building 
blocks of our model in a reduced form framework, where we will follow the Cox 
process framework provided by Lando (1998). The main disadvantage of the 
reduced form models is that the models do not explain the economic insights 
behind a default event because the default intensity and default loss are exogenous 
parameters of the model. Compared to a structural model, a reduced form model 
lacks the ability to track some of the endogenously determined default and loss 
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dependencies, for example bonds with different seniorities issued by the same 
company. 
2.2.3 Multiple Defaults Model 
Associated with a structural model, Vasicek (1987, 1991) first studied the idea of 
a one factor Gaussian copula model for the analytical computation of the loss 
distribution of a homogeneous loan portfolio. The closed-foma solution of the loss 
distribution of a large homogeneous portfolio is also reached using this idea. 
With the reduced form models, default dependences are achieved via the 
correlations between the stochastic default intensities of different entities. The 
models also have the natural assumption that multiple defaults are independent, 
conditional on the realized default intensities. Lando (1998) introduces a reduced 
form model based on a Cox process, where the correlation between the default 
intensities is achieved via a set of common random state variables. However, Hull 
and White (2001) and Schonbucher and Schubert (2001) argue that the default 
correlations generated by the reduced form models are too low compared to 
empirical experience. Several approaches were proposed to achieve richer default 
correlation dynamics, for example Duffie (1998), Davis and Lo (2000), J arrow 
and Yu (2000), and Kijima (2000). However, these models all lead to some extra 
difficulty in the model calibration. Within the reduced form model framework, 
there always exists a tradeoff between the retaining the original simplicity of the 
model and the capturing more realistic default correlation structures. 
Li (2000) first introduced the copula function approach to the pricing of the 
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basket credit derivatives. The model is based on building blocks provided by a 
reduced form model with deterministic default intensities. A copula function is 
then directly applied to the marginal default probabilities derived from the single 
name reduced form framework, and a multivariate distribution is obtained. In the 
model, the term default correlation is defined as the correlation between the 
random default times. The model retains the simplicity for the calibration of 
default intensity of a single name reduced form model. Schonbucher and Schubert 
(2001) also suggest a copula model where the default intensity is allowed to be 
stochastic and several different copula functions are examined. 
A copula function is a multivariate joint distribution defined on a unit cube such 
that every marginal distribution is uniform on the interval [0,1]. For n random 
variables U^,U2,—,Utaking values in [0,1], the copula fiinction C can be 
expressed as 
,2^ 2 ,..., ) Pr(t/j — W], 
Copula functions can be used to link marginal distributions with a joint 
distribution. For given univariate marginal distribution functions 
Fi(x,),F2(x2 F „ ( x J , the function 
= Pr(v^, < x j 
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For more details of copula function, see Nelsen (1999). 
With some given correlation matrix, the copula models provided a simulation 
routine for correlated default times, thus a basket credit derivative can be priced 
via a Monte-Carlo method. Some related Monte-Carlo variance reduction 
techniques were also developed for the pricing of basket credit derivatives under 
the copula models, for example Joshi (2003), Glasserman and Li (2005) and Rott 
and Fries (2005). 
To achieve analytical solutions, factor copula models are developed. A factor 
approach is a "smart" way of thinking in terms of copula functions. A factor 
copula model employed the idea introduced in Lando (1998) that multiple 
defaults dynamics can be linked to some common state variables, which can be 
interpreted as some economical or market factors, generally teraied latent factors 
or simply factors. Lando (1998) applied the factors directly to the stochastic 
default intensities, however a factor copula model applies the factors to the copula 
functions, and a multidimensional correlation matrix is decomposed into several 
independent factors. With the conditional independent default probabilities"^ 
provided by a factor model, an analytical solution of the loss distribution of a 
credit basket is achievable. Vasicek (1987) (1991) first studied a one-factor 
Gaussian copula approach for the computation of the loss distribution of a 
homogeneous loan portfolio analytically. With Li (2000) introducing copula 
approach into the credit derivatives pricing framework, the one-factor Gaussian 
copula approach soon became the market standard for the pricing of credit 
derivatives with multiple default features, for example Nth-to-Default swap and 
CDO tranches. This is mainly due to the simplicity and analytical tractability 
It is conditional on the realization of the common factors. 
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provided by a Gaussian copula function. 
In a one-factor Gaussian copula model, the default of a single credit is assumed to 
be driven by a standard normal random variable, and the model decomposes the 
variable into to two independent standard normal random variables: a common 
variable and an idiosyncratic variable. 
X. - -^fpZ + ps. 
where X^ is the standard normal random variable that driving the default of the 
single credit / ; Z and s. are independent standard normal random variables 
representing the common factor and the idiosyncratic factor; and p is the 
default correlation. For a given time horizon and a realized common factor Z = z , 
if we assume the marginal default probability of credit i is , then the 
conditional independent default probability of credit i can be expressed as 
below 
c 
/?.(z) = cD 
With the fast expansion of the basket credit derivative market, the factor copula 
model is then widely examined by both academia and practitioners, among which 
the most famous researches are Laurent and Gregory (2003), Andersen and 
Sidenius (2004) and Hull and White (2004). Within a factor copula model, the 
analytical form of the loss distribution is at the center of the pricing a basket 
credit derivative. For a homogeneous basket where all the underlying assets are 
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identical, a binomial expansion technique (BET) is applied in a straightforward 
way, for example Moody's (1997). However, most of the basket credit derivatives 
in the market have an exposure to an inhomogeneous basket, and the computation 
of the loss distribution becomes non-trivial. Laurent and Gregory (2003) and 
Moody's employed Fourier Transform techniques to solve the problem. Andersen 
and Sidenius (2004) and Hull and White (2004) proposed another widely used 
method for the problem called the Recursion method. Recursion methods try to 
build the portfolio loss distribution directly by starting with examining the loss 
distribution of a single asset, and then add one more asset at each step. With the 
Recursion method, the loss distribution keeps convoluting by adding the marginal 
losses and multiplying the marginal probabilities of one asset at each step. The 
cumulative portfolio loss distribution is then fully built when all the underlying 
assets are added. The recursion methods are straightforward, easy to understand, 
and efficient to run. However, it lacks analytical tractability at the basket level. In 
addition, the method is particularly designed for the loss distribution, and it may 
become very complex when adding extra dimensions, such as amortization and 
prepayment that we need in our model. The Fourier transform method provides a 
general form for the convolution of the loss distributions under the Gaussian 
Factor model framework. The basic idea is that the Fourier transform of the 
portfolio conditional loss distribution is the multiplication of the Fourier 
Transforms of the conditional loss distribution of all the underlying assets since 
we achieved conditional independent under the Factor model framework. The 
method has the advantage that the conditional independent marginal distributions 
can be altered independently to each other for different purposes, for example, 
taking amortization and prepayment or calculating the single name risk 
sensitivities, without altering the general form of the cumulative distribution. 
However the inverse step of the Fourier transform method introduces some extra 
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complexities into the model. We will use the Fourier transfonn method for the 
analytical solution of our model, and in Chapter 4, the discrete Fourier transfonn 
will be examined for the inversion step where a general fast Fourier transform 
routine is applicable. 
The Diversity Score approach is introduced in Moody's (2000) as a simple and 
practical alternative to the models that directly measuring default correlation. The 
idea of the approach is to replace an actual credit basket with some hypothetical 
portfolio with identical and independent assets. The diversity score itself is then a 
number assigned to the hypothetical portfolio as the number of hypothetical assets 
in it. A small diversity score will result in a higher default correlation, while a 
larger diversity score reduces the default correlation implying that the basket is 
highly "diversified". For a homogeneous basket, the approach can be linked to the 
copula model where a 100% default correlation is interpreted as a diversity score 
of 1 and a 0 default correlation leads to a diversity score equal to the actual 
number of asset in the basket. The model is simple and a binomial expansion 
technique can be directly applied for the calculation of the cumulative loss 
distribution. The approach lacks the ability to track the relationships of the basket 
credit risk with each of the individual credit risks however it provides a good 
approximation for the degree of default dependence within a basket when a 
relative pricing is not required. This approach is especially useful for capturing 
the dependency degree within an ABS pool since detailed information of the 
underlying single ABS loan in an ABS pool is not available. In Chapter 5, we 
will examine this approach in details for the pricing of a single name ABS CDS, 
which is actually linked to a tranche on an ABS pool. 
In the recent credit risk model literatures, there are some other default correlation 
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models that are trying to model the dynamic of the cumulative loss directly on the 
basket level. These models are motivated by the so-called "coirelation skew" 
observed in the recently launched corporate default correlation market, i.e. the 
Itraxx and CDX standard tranches indices. With a standard one-factor Gaussian 
copula model, the prices of all the single CDO tranches observed in the market 
cannot be reproduced using the same correlation parameter. Practitioners 
introduce the so-called base correlation approach to solve this problem. The base 
correlation approach treats a single CDO tranche as a long/short combination of 
two equity tranches associated with its detachment and attachment points. Then 
different correlation parameters are calibrated to the equity tranches' prices that 
are bootstrapped from the market-observable prices of single CDO tranches, and 
by interpolating between the detachment levels and maturities, the congelation 
parameters can be obtained for an arbitrary tranche on the basket. For the pricing 
of a single CDO tranche on a different basket, this approach will also rely on 
some correlation mapping rules, for example the "loss fraction mapping", to 
obtain the hypothetical detachment and attachment on the basket used in the 
market. Several modifications based on the copula model framework have been 
proposed to reproduce the "base correlation curve" with some consistent 
parameters, for example, Andersen and Sidenius (2004). However, most 
researchers and practitioners consider that "correlation skew" addresses a problem 
deep at the root of the copula model, which is the model does not provide a 
framework to capture the future dynamics of default correlation. Several 
"dynamic" models are then proposed by, for example, Sidenius, Piterbarg and 
Anderson (2005), Schonbucher (2005), Giesecke and Goldberg (2006), Brigo, 
Pallavicini and Torresetti (2006), and Hull and White (2007). These models are 
good candidates for our internal ABS tranche modeling since they model the 
behavior of a credit basket directly. Furthermore they will be useful when the 
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ABS correlation market becomes liquid. 
2.2.4 Prepayment Model 
There is a large literature on the prepayment risk models for Mortgage-Backed 
securities (MBS) from both academia and practitioners. One class of prepayment 
model is based on approaches that apply statistical techniques to predict the 
likelihood of prepayment in terms of a Conditional Prepayment Rate (CPR). More 
advanced approaches are based on the techniques provided in the modem 
financial mathematics. The advanced prepayment model can be further classified 
into two approaches: the option-based approach and the intensity-based approach, 
analogous to the credit risk modeling world. 
The option-based approach starts with Dunn and McConnell (1981) valuing the 
right of mortgager's prepayment as an option on the interest rate. This approach is 
based on the assumption that there is no prepayment transaction cost. The idea 
is that the difference between the current mortgage rate and the original contract 
rate determines whether prepayment is optimal or not. Dunn and Spatt (1986) 
incorporate transaction costs into the original "optimal" prepayment model. 
Stanton (1995) presents a model to allow borrowers fail to prepay even if it is 
optimal to do so. The model assumes mortgagors are facing heterogeneous 
transaction costs, and a beta distribution is employed to estimate the transaction 
cost. 
There is another type of option-based approach that applies the Cox proportional 
hazard model to evaluate mortgage default or prepayment risk, for example, 
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Green and Shoven (1986), Schwartz and Torous (1989), Deng (1997), and Deng, 
Quigley and Van Order (1999). These models assume that at each time point there 
exists a probability of prepaying that conditional upon the prevailing state of the 
economy. Deng (1995) and Deng, Quigley and Van Order (1999) also considered 
the interdependence of default and prepayment associated with a MBS. 
The intensity-based approach models the term structure of prepayment rate 
directly with a prepayment intensity, for example Goncharov (2005). 
In our thesis, we model prepayment as intensity-based. The advantage is that the 
prepayment intensity is exogenously determined such that any specific 
prepayment model, no matter whether it is option-based or intensity-based, can be 
used as auxiliary models to generate prepayment term structures for the 
calibration of our model. 
2.3 Summary 
In this chapter, we start with the introduction of the product and the market 
background to credit derivatives on asset-backed securities. The introduction 
addresses the difficulties associated with the modeling of a credit derivative on 
ABS. Some existing modeling methodologies that can be applied to our model are 
also pointed out. In Section 2.2, we reviewed the related modeling framework of 
credit risk and credit default correlation in the corporate world, and prepayment 
risk modeling for pricing mortgage-backed securities. At each stage of the review, 
we also pointed out the applications of the related literature to our modeling of 
CDO tranche on ABS. 
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Chapter 3 
A Simplified Model 
In this chapter, we develop a model for the pricing of a CDO tranche on 
Asset-Backed Securities (ABS). The model is so-called "simplified" because each 
of the underlying assets of a CDO of ABS is assumed to be a single asset having 
features of amortization, prepayment and default. Prepayment and default are 
exogenously modeled as the first jump of a Cox process. Amortization is then 
assumed to be a non-increasing function against time, which is predictable with 
respect to the asset's prepayment and default. The correlation of default and 
prepayment between each of the underlying assets within a CDO basket is 
captured via a copula method. A semi-analytical solution is achieved via a latent 
variable factor approach. 
3.1 Introduction 
The underlying asset of a synthetic CDO Tranche on ABS is a single name ABS 
CDS. Each single name ABS CDS is referenced to a tranche on an ABS pool 
containing a large number of individual ABS loans, for example a mortgage loan. 
We refer to the tranche on an ABS pool as an internal tranche and a CDO tranche 
on ABS is actually a tranche on a basket of internal tranches. Inherited from the 
individual ABS loans, the internal tranche and the tranche on ABS have their 
unique features of amortization". An amortization can be classified as scheduled 
amortization or unscheduled amortization. A scheduled amortization is defined as 
" A lot of research has been done on the pricing model of C D O tranche, however ail of them are dealing with 
non-amortizing underlying assets. 
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a series of predetermined regular repayments of principal. An unscheduled 
amortization is referred to as a principal repayment that is made earlier than it is 
scheduled, an unscheduled amortization can be caused by a default or 
prepayment. 
In this chapter, we simplify the structure of the CDO tranche on ABS, where each 
of the underlying internal tranches is treated as a single asset and we model the 
default, prepayment and amortization of the single asset directly. 
A non-increasing deterministic function against time is introduced as the 
scheduled amortization function of each of the single asset representing the 
scheduled outstanding balance of the asset at each time as a percentage to the 
initial principal of the asset. A natural maturity associated with the scheduled 
amortization function is defined as the first time that the function hits zero. 
Usually, the natural maturity is referred as the legal maturity of the asset, which is 
a predetermined time and the asset should have no outstanding balance beyond 
this time. 
During the lifetime of the asset, an event might happen to the asset. The event 
time is a stopping time that is unpredictable, and the event can be a default or a 
prepayment. On a default event, the asset suffers a loss. The loss amount is 
modeled as a percentage amount to the outstanding balance of the assets at the 
event time, and the rest of the balance is called recovered amount on a default 
event. The recovered amount can be represented as a percentage to the 
outstanding balance, and this percentage is referred to as the recovery rate of the 
asset. The loss amount is referred as loss given default (LGD) and the recovered 
amount is referred as amortization given default (AGD). We can see that LGD and 
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AGD are determined by the scheduled amortization function, recovery rate and 
event time. In this case, the event time is referred to as a default time. On a 
prepayment event, we assume the scheduled outstanding notional of the asset 
associated with the event time is fully repaid. The repayment amount is referred 
as amortization given prepayment (AGP), and AGP is determined by the 
scheduled amortization function and the event time. In this case, the event time is 
referred to as a prepayment time. 
Lando (1998) introduces the idea of modeling default time as the first jump of a 
Cox process. We employ the idea for the modeling of the default time as well as 
the prepayment time of each of the single assets. An event time is then defined as 
the minimum of the default time and prepayment time, which also can be modeled 
as the first jump of a Cox process. With these ideas, we build up a model 
belonging to the so-called "reduced-form" model. Under this modeling 
framework, the expression of the probability of having an event before a given 
time is well known. Then we split the default and prepayment probabihties from 
the event probability according to the default and prepayment intensities. 
A Gaussian copula approach is introduced by Li (2000) for the pricing of a CDO 
tranche and other basket credit derivatives on non-amortizing assets. Vasicek 
(1987) first studied a One-Factor Gaussian Copula model for determining the loss 
distribution of a basket of homogeneous loans, which leads to a semi-analytical 
expression. Following Li (2000) and Vasicek (1987), the copula method is well 
studied by both academies and practitioners for the pricing of CDO tranche on 
non-amortizing assets, for example Laurent and Gregory (2003), Andersen and 
Sidenius (2004) and Hull and White (2004). 
38 
To capture the prepayment and default feature of a single asset under an integrated 
framework, we extend the copula approach used for non-amortizing assets. Under 
the integrated copula framework, we capture the correlation of default and 
prepayment between each of the single assets, as well as the interdependency of 
default and prepayment for each single asset. In addition, the seniorities of the 
internal tranches are retained if multiple assets are referenced to the same ABS 
pool. Also, a semi-analytical solution for the pricing of a CDO tranche on ABS 
can be achieved via a Fourier Transform method under our copula model. 
The rest of this chapter is organized as following. In section 3.2, we set up a Cox 
process framework for the modeling of default, prepayment and event time. With 
these building blocks, we derive the split probabilities of default and prepayment 
and based on that, a one-factor Gaussian copula framework is presented for assets 
having default and prepayment features. In section 3.3, we examine the pricing 
formulas for an ABS CDS, an ABS bond and a CDO tranche on ABS. Section 3.4 
introduce some variations of the model and based on those models, we provide 
some numerical examples and show how amortization will affect the price of a 
tranche. In section 3.5, we give a summary. 
3.2 Model Setup 
We start with the Cox process for the construction of the concepts of the default 
time and the prepayment time of a single asset. An event time of a single asset is 
defined as the minimum of its default and prepayment time. The probabilities of 
default and prepayment are then split from the event probability. The correlation 
of default and prepayment between each of the assets in a CDO basket is then 
captured via a latent variable through a Copula function. A one-factor Gaussian 
39 
Copula model is developed for achieving the semi-analytical solution. Under the 
one-factor Gaussian Copula model, the interdependency of default clustering and 
prepayment clustering is captured and the internal tranche structure is retained. 
3.2.1 Some Notations for a CDO basket on ABS 
We denote B a CDO basket, which is a collection of single ABS assets. Each 
single asset is denoted by 6 , we write be B a single asset belongs to CDO 
basket B . We denote 5' c B a sub-basket of B , which represents a collection 
of all the single assets in B that referenced to the same ABS pool. 
We denote B as a collection of the sub-baskets S ^B with the following two 
properties. 
1. U 5 = 5 . 
SeB 
2. For S,S'eB and 5" ^ 5 ' , we have Sr\S' = 0. 
For any b e B, there exists a unique 5 e B such that, be S. This means each 
of the single assets is referenced and only referenced to one ABS pool'^. Define a 
map V: 5 ^ B , where v(b) = S for be B and 5" e B . We can see that for a 
given asset beB, v{b) denotes the sub-basket that asset b belongs to. 
Each single asset is a tranche on an A B S pool. 
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3.2.2 Default Time and Prepayment Time 
Consider a single asset b e B , with associated default time r f and prepayment 
time r / defined on a probability space (Q, F, P) . We denote 
= and = 6 e 5 , 
respecfively the default indicator and prepayment indicator for asset b . We 
denote = a{l"(s),s <t} and Gf the simplest filtration (also called the 
natural filtration) of default time , and = v Gf c F . Similarly, we denote 
=a{I^{s),s <t} and G^ the simplest filtration of prepayment time r / , 
and G" = V c f . 
beB 
Following Lando (1998), we define the default time of asset b as the first jump 
time of a Cox process (also called doubly stochastic Poisson process) with 
non-negative intensity /if (/) as follows. 
r f = inf{r e [0,+oo): | Af (s)ds > } (3.1) 
Where is an exponential random variable with rate parameter 1, or 
E^ ~ Exponentiali}); (f) is referred as the default intensity of asset b , 
which is some given - adapted process and c F is some 
given filtration, where cr{E^,b g B) and H'^ are assumed independent. 
Similarly, we define the prepayment time of asset b as the first jump time of a 
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Cox process with non-negative intensity (/) as follows. 
(3.2) 
Where is an exponential random variable with rate parameter 1, or 
~ Exponential(\); (/) is refeixed as the prepayment intensity of asset b , 
which is some given / / / - adapted process and H"* = (^/),g[o,+oo) ^ is some 
given filtration, where a { E ^ , b ^ B ) and are assumed independent. 
3.2.3 Event Time 
Both the default and prepayment are treated as an event. The event time of asset 
b is defined the minimum of the default time and the prepayment time, which is 
also a stopping time. We have 
r^ :=min ( r ° , r ^ ) 
where we assume P[rf = ] = 0 to ensure that default and prepayment cannot 
occur in the same instant. We then denote / e [0,+co) ^ the event 
indicator of asset b. Also we can write = I^{t)- I^{t). is G -
adapted where G = v G"^. 
From the definition, we can further express the event time as the following. 
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r, = inf {/ e [0,+oo): | ^ v j (^)dk > } 
(3 /0 
By assuming and are independent for be B, the event time of asset 
b is then defined as the first jump of a Cox process with intensity i f (/) + (/), 
where the Cox process is the super position of the Cox processes for default time 
and prepayment time of asset b . We have the following expression. 
= inf{/ e [0,+oo): | {t)ds > E^} 
(*) (3.5) 
Where (t) = i f (s) + Af (5) is an H - adapted process and H = {H, ),g[o,+«,) 
and H, - Hf v Hf ; E- is an exponential random variable with rate parameter 
1, or E^ ~ ExponentialiX) , where a{Ei^,beB) and H are assumed 
independent. 
For some time horizon t, if there is no event for asset b, we say asset b 
survives at time t. For any 7 > 0 and / e [0 ,7 ' ] , the probability of asset b 
surviving at time t can be expressed conditional on H j , which is given as 
below. 
P[ r j >t\Hj,] = e x p ( - 1 ( s ) d s ) (3.6) 
By the definition of an event time, we have the following relationship. 
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> f | j y r ] = P[ f f > ' , f » (3 /0 
With the assumption that and are independent, we have 
P[rf > ' , f ; > ' I J f r ] 
= exp(-^/l^(^)dk) e x p ( - j l ^ ( f ) a k ) ^ 
= exp(-
which is a proof to (*). 
If we assume are independent of each other for b e B , then we get the 
conditional independence for the event times. For any T >0 and e [ 0 , r ] for 
6 e B , we have 
P[tr, > t„b eB\Hr] = > 4 I (39) 
beB 
Following Laurent and Gregory (2005), we defined some enlarged filtration 
H V cr(Z), where Z is called the factor, which is a F - measurable random 
variable. The conditional independence is then expressed as the following. 
P[r^ > t i , , b e B \ H j \ / cr(Z)) = Y%P(r^ > t ^ \ H j . v cx(Z)) (3.10) 
beB 
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3.2.4 Some Terminologies and Definitions on the Amortization, Prepayment 
and Risk-free Interest Rate 
Amortization and prepayment are important features of ABS assets inherit from 
their referenced ABS pool. A prepayment is an option given to the obligor of each 
of the ABS loans (for example a mortgage loan) in the referenced ABS pool to 
fully or partially repay the outstanding balance early than scheduled. In this 
chapter, we do not look into each of the ABS loans but model the tranche of the 
ABS pool as a single ABS asset, and we assume the outstanding notional of the 
ABS asset is fully repaid in a prepayment event. 
Scheduled Amortization 
The scheduled amortization of asset b&B is defined as a non-increasing 
deterministic function against time. ? e [0,+oo)-> e [0,1] , we assume 
(0) = 1. The natural maturity for asset b is then defined as the first time 
the scheduled amortization reaches 0. It can be expressed as the following. 
Tb = inf t G [0,+oo) ; 4 {t) = 0} q 11) 
A bullet schedule is referred to a scheduled amortization function defined as 
We can see that a bullet schedule means that the full notional is to be repaid on the 
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natural maturity date. An asset with bullet schedule is called a bullet asset. 
Weighted Average Life 
Following the definition on ABSNet'^, a web-based data and information service 
combining performance data, analytics and related infonnation on ABS, the 
Weighted Average Life (WAL) of an asset is defined as the average amount of time 
that an asset's principal is outstanding. 
We define natural WAL as the WAL determined by the asset's scheduled 
amortization function. For asset be B ,'we write the natural WAL as follows. 
(3.13) 
Also we define the prepayment and default adjusted WAL as follows. 
(3.14) 
where C ( 0 = 4 ( 0 for ^^0-
WAL provides a way for simplifying an amortizing asset to a bullet asset. Usually 
it gives a good approximation for the pricing of a single name Bond or CDS on an 
amortizing asset as a bullet Bond or CDS. 
-www.absnet.net 
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Risk-Free Interest Rate 
The interest rate in the model is assumed given by some short rate process r{t) 
I 
which is F -adapted. The risk-free discount function is then defined as the 
following. 
p{t,T) :=E 
(3.15) 
where B{t) = exp( | r{s)ds). 
3.2.5 Three States of a Single Asset and the Splitting of State Probabilities 
from the Event Probability 
At time t e [0,+oo) , each single asset has three possible states: Default, 
Prepayment or Survival. We denote 5"^  (f) the state of the asset b at time t. We 
denote the default, prepayment and survive states as the follows. 
= (3.16) 
,= {S ^ {t) = Prepayment) (3.17) 
El, = {5^ {t) = Survival} (3.18) 
We can see that and , are disjoint to each other. The default and 
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prepayment states are absorbing, which means P [ E ^ J E ^ J = l and 
P [ E ^ , \ E ^ J - l , for f > ^ > 0 . Since E°^ and E^, are disjoint, we have 
= + . Wb (knok 
P [ < U < J 
(t) = g Y ^ ^ the probability of having a default before time horizon t 
conditional on that an event has happened before t . Similarly we denote 
Pi^{t) ^ A the probability of having a prepayment before time horizon 
t conditional on that an event has happened before t. Then a^(/) and 
are called the split probabilities of default and prepayment from an event, and we 
have (2^(?) + (r) = 1 for f > 0 . As we can see, once a^(/) and are 
given, the default and prepayment probability is determined by the event 
probability, and they are in the form of {t) • U E^, ] , 
P [ < l = A ( ' ) - P [ < , U £ t ] . 
We denote p the event probability for some given time, and a and P are the 
split probabilities for default and prepayment. The table below describes the loss 
and amortization of a single asset contingent on each of the states. 
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State Probability Default Loss 
Unscheduled 
Amortization 
Default a- p 
LGD - an amount 
percentage to the 
remaining notional of 
the asset 
AGD - the remaining 
notional of the asset 
subtracted by the LGD 
Prepayment 0 
AGP - the full remaining 
notional of the asset 
Survival \ - p 0 0 
The survival probability is the probability of having no event in time interval 
[(0, t]. As it is given in the last part, we have 
= (3.19) 
Then we have the probability of having an event before time t , no matter it is a 
default or prepayment. We write 
n K . U 1 = 1 - ELexpf- (3.20) 
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In the rest of the thesis, we focus on building up a model that describes 
prepayment, amortization and default in an integrated framework, where the 
amortization and loss of a CDO basket on ABS are dynamically captured. A 
stochastic intensity model will be fitted into the framework. However a specific 
stochastic intensity model is not what we are going to focus on in the rest of the 
thesis. So for simplicity and to concentrate on setting up the integrated modeling 
framework, we make the assumption that the default and prepayment intensities 
are deterministic. For asset b e B , we denote hf (t) and (t) the 
deterministic default and prepayment intensity functions, and we have 
(0 = (0 + K(0, for f > 0 , the deterministic event intensity function. An 
intensity function will be also referred as an intensity curve in the rest of the thesis. 
In this case, the Cox process becomes an inhomogeneous Poisson process. We 
write 
= = (3.21) 
= <r] = l -exp(-{ ;z; ' ( j )ak) , (3.22) 
Ft (0 = < f] = 1 - e x p ( - 1 \ {s)ds), (3.23) 
for / > 0 , 
where {t) and (t) are the distribution of r f and which indicate 
the probabilities of having default and prepayment time and r / not greater 
than a given time horizon t . However they are not the probabilities of having a 
default or prepayment event before time t , i.e. and 
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Fb (0 ^ ] • Assuming r f and are independent, we have 
The default and prepayment probabilities should be split from the event 
probability. Consider asset b has survived up to time 5 > 0, the probability of 
having a default but no prepayment within the next small time interval is equal to 
/zf(5)-A5'-(l-/2/(5')-As') + o(As'). Then the probabihty of having a default in 
time interval [5,5 + As] is expressed as below. 
P[(& < < s + As) A (r^ = Tf )] = e x p ( - 1 {u)du) • /zf (s) • As • (1 - (s) • As) + o( As) 
(3.24) 
As As 0 , and integral from time 0 to ?, we get the default probability. 
F . ' ' ( 0 = P [ £ . ° ] = P[(r, < / ) A ( r . = r f ) ] = {s)-exp(-{Aj(a)rfM)-rfi 
(3.25) 
Similarly, we obtain the prepayment probability as 
F / (0 = ?[E^, ] = P[(r, < 0 A )] = I is) • exp(- J iu)du) • ds 
(3.26) 
We also write 
= = K (') • exp(-1 Aj (J Vs ) , (3.27) 
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7 / ( ') = (<) = ( 0 • e x p ( - 1 h,(s)ds). (3.28) 
We should notice that F f ( t ) and are not distribution functions since 
lim F f (/) ^ 1 and lim F/ ' ( 0 ^ 1 - However we have lim F f (/) + F / (f) = 1. 
We denote (f) = Ff (t) + (/) the event probability, and we have 
^ ( 0 = ^ X 0 -
Proof 
F j ( 0 = I ( f ) • exp(- J \ { u ) d u ) - < & + ^ ( f ) • exp(- J { u ) d u ) • ds 
== j/Z;, (a) - ex])(--j^/76(A()dkf) (d? ^ 
= l - e x p ( - ^ A X ^ ) ( 6 ) 
So we have the relationship that 1 - F^ (t) - Ff (t) = [1 - F^ (f)] • [1 - Ff (f)]. 
In a special case where the default intensity and prepayment intensity are constant, 
i.e. aiid A*(f) = = Z,;" + a/, ^ for f :>(), the 
default probability and prepayment probability take a simpler form as below. 
f ° ( 0 = ^ - a - e x p ( - f c . ( ) ) (3.29) 
(f) = ^^^..(1 _ e,(p(--A6f)) (3.3()) 
K 
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Proof 
Notice that • exp(-A^ • s) is the density function of an Exponential distribution 
with rate parameter b • 
h h 
Then we have (t) = — | h,^ • exp(-/z^ •s)-ds = — • (1 - exp(-hj)). # 
The split probabilities of default and prepayment are expressed as (/) s 
ht 
and — , for t>Q . In Figure 3.1 we demonstrate the negative 
K 
dependency between the default and prepayment probabilities for a given time 
horizon. With a given constant prepayment intensity, the prepayment probability 
goes down when the default intensity goes up. 
Figure 3.1 
The I n t e r d e p e n d e n c y b e t w e e n Defaul t a n d P r e p a y m e n t P robab i l i t i e s o n 10-year 
t ime hor izon. 
Prepayment Intensity = 500 bps, Default Intensity = 100, 200 3200 bps 
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3.2.6 An Extended One-Factor Gaussian Copula Model 
Li (2000) introduced a Gaussian Copula model for capturing the default clustering 
in the pricing of a basket credit derivative. Vasicek (1987) first studied a 
One-Factor Gaussian Copula model for determining the loss distribution of a 
basket of homogeneous loans, which leads to a semi-analytical expression. 
For each sub-basket 5 e B , we define , the total value of the referenced ABS 
pool, called pool value. If the pool value drops to a certain barrier, some asset 
backed by the pool may suffer default losses. Each asset backed by the ABS pool 
will have a barrier to trigger the default. Depends on the seniority of the asset in 
the referenced ABS pool, junior asset will have higher default barrier, which 
means the junior asset take the default losses earlier than the seniors. Similarly, if 
the pool value rises to some certain barriers, prepayment may happen. Each asset 
also has a prepayment barrier. The senior asset takes the prepayment first, so a 
senior asset will have a lower prepayment barrier. 
To build up the default and prepayment dependency between the assets, we 
construct a one-factor Gaussian Copula model, where the pool value follows 
a standard Gaussian distribution. The pool value is driven by two factors; the 
common factor Z and its idiosyncratic factor , where Z and are 
independent and follow standard Gaussian distribution. We write 
+ Ps^s (3.31) 
54 
where denotes the correlation loading factor. Under the setup, for 5,5" e B 
and S ^ S' , the covariance of the pool value can be expressed as 
GOV < > = . 
For each single asset b e B , we denote its default barrier by and 
prepayment barrier by as follows. Then we have the follow expressions. 
) (3.32) 
= = (3.33) 
where O(-) denotes the cumulative standard Gaussian distribution function. For 
assets b,b' , if asset b' is more senior than asset b , we know 
^ ' ' ( f ) > ^ f ( 0 and ^ ' ' ( r )<^t ' ( f ) , then we have and 
From part 3.2.5, we know that for a given 7 < +00, we have (t) + (t) < 1 
for Q<t <T , which ensures that . Then the default time and 
prepayment time can be obtained via '(^(^v(6))) ^nd 
= F b ' ' (1 - ) ) ' ^nd we have P[r^^ > t, r / >t] = P[rf > t, r / > t]. 
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Proof 
= ( 0 % , ) ) ) > (1 - 0( ;^^ , ) ) ) > /] 
= p[ ; [ f 
= i--]P[jr^,) <: j f f ] - P[,%\,(*) > Jf ; ' ] 2 
== 1 - f i ' t f ) 
= i - f v & ) 
= P[^/, > t] 
== P[r,o > f] 
Above, a method for simulating default and prepayment time is provided with the 
one-factor Gaussian copula model. Also we proved that the definition of the event 
time still holds, which ensures that the model is arbitrage-free. 
We should be aware that under the framework, the joint distribution of and 
r / is different to the joint distribution of r f and r / . We have 
])[?,* < f ] = 0 . 
Proof 
=> j?*-'COCjr,^)) < f => => , 
=> f , ' 
# 
Some Remarks on the Simulation of Default and Prepayment time 
Generally, for the simulation of default and prepayment time of a single asset, we 
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need to generate the event time as well as event type, i.e. default or prepayment. 
There are following two ways naturally provided by the modeling framework we 
introduced. 
1. Generate default time and prepayment time independently then the 
minimum of the two is an event time, and the event type is also 
determined. 
2. Generate event time first and then generate a binary random number to 
determine the event type through the split probabilities introduced in the 
last part. 
In both of the methods above, we need to generate two random numbers to 
determine the event time and type for each of the ABS assets. However the 
method we introduced earlier in this part only needs one random number for each 
asset. 
We first generate correlated uniform random numbers through the copula 
function. Denote as the split default probability of asset b for some given 
time horizon. Then we have if default time ) , otherwise 
prepayment time r / = ' (1 - . 
The method reduces a two-dimensional problem down to one dimension, such 
that the standard Gaussian copula model can be easily extended to cover the 
prepayment feature of ABS assets. 
For a realization of Z = z , we get the conditional default probability and 
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conditional prepayment probability as below. 
^ ' ' ( f | Z = z) = (D 
^ ' ' ( r | Z = z) = 0 
(b) 
Vf'ww '^~^b 
4^~Pv^b) 
(3.34) 
(135) 
where if^ = O (F^ (f)) and = - 0 (F^ (f)) are given by definition. For 
assets b,b' & S , if asset b' is more senior than asset b , we have 
^ ' ' ( f | Z = z ) > ^ f ( f | Z = z) and ^ ' ' ( r |Z = z)<.%^(/ |Z = z). 
In our model, the common factor Z can be thought of as a factor that indicates 
general economical conditions'"^. A good economy is indicated in our model when 
Z tends to be high, where default is rare and an ABS basket will amortize very 
fast. However a bad economy is indicated by a low Z , where defaults are more 
likely to happen and the amortization of the basket is slow. 
Consider a basket with 100 identical bullet single assets. We assume each of the 
assets has a constant default intensity 100 bps and a constant prepayment intensity 
500 bps. Each asset is assumed to have a zero fixed recovery rate. In this case, the 
amortization is purely determined by the prepayment intensity. Figure 3.2 
demonstrates a typical sample path generated by our one-factor Gaussian copula 
model with correlation 0. In this case, the performance of each of the single asset 
is only driven by its idiosyncratic factor. Following the large number theory, the 
The common factor can be linked to a stochastic interest rate and the relationship between interest rate and 
prepayment rate of A B S can be captured. In this thesis, we do not consider stochastic interest rate and we 
focus on the interrelationsiiip between default and prepayment and the correlation between each of the single 
assets. 
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ABS basket is expected to finish with 1/6 of its assets have defaulted and 5/6 of 
them amortized according to their default and prepayment intensities. 
Figure 3.2 
Amortization and Loss 
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•Amortization 
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Time (Yrs) 
Figure 3.3 and Figure 3.4 demonstrate two sample paths generated by our model 
with correlation 0.5. In Figure 3.3, we can see that the common factor is 
indicating a good economical condition and the ABS basket have amortized fast 
and no default has happened. Figure 3.4 demonstrates a bad economy where we 
see default clustering occurring in the early stages of the ABS basket that also 
caused a low prepayment rate and the remaining balance to be outstanding for a 
long time'^. 
There are historical evidences that faster prepayment have often masked borrower troubles and resulted in 
lower default losses. Slow prepayment keeps the A B S loans outstanding for a longer time, leaving more A B S 
assets at risk. 
59 
Figure 3.3 
Amortization and Loss 
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3.3 The Pricing of ABS CDS, ABS bond and CDO tranche on 
ABS 
In this section, we examine the pricing of a CDO tranche on ABS and some single 
name ABS instruments, such as an ABS CDS and an ABS Bond based on the 
model we developed earlier in this chapter. The analytical pricing formulas for 
single name instruments are derived, which could also be used for the purpose of 
calibrating default and prepayment intensities. The cash flow dynamics of a CDO 
tranche on ABS is also described in detail based on the model, where a routine for 
Monte-Carlo simulation is provided. A Fourier transform technique is also 
examined using the model for the computation of the loss-prepayment distribution, 
via which a semi-analytical solution can be achieved for the pricing of a CDO 
basket of ABS. 
3.3.1 Pricing an ABS CDS 
To price a single name ABS CDS on asset b & B, similar to a standard corporate 
CDS, we want to calculate the protection leg and the premium leg. We have the 
following assumptions. 
1. Premium is paid continuously as a fixed spread s over the outstanding 
notional up to a certain time 7^  which is the maturity of the CDS 
For an A B S CDS, the maturity is noraially defined as the natural maturity of the underlying A B S asset. 
However, due to the features of amortization, prepayment and default of the ABS asset, the actual maturity of 
an A B S C D S is usually much shorter than the natural maturity. 
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2. If a default event is realized'^ associated with a default time , the CDS 
contract is stopped and the loss given default is defined on the scheduled 
amortization with a fixed recovery rate e [0,1], where we define the 
loss given default on a unit notional equals to (1 - ( r f ) . 
3. If a prepayment event is realized'^ associated with a prepayment time , 
the CDS contract is stopped and we assume the full outstanding notional 
is repaid. 
The premium leg and the protection leg are then calculated as the following. 
- p(0,r) - (/f] ^ 
^ (1 - ' ^ 6 ' 4 ( 0 ' Af ( 0 ' 4 ( 0 ' jD(0,f) - ^ 
Where is the initial notional of the ABS CDS. A par spread of the ABS CDS 
is defined as a spread s^ that makes the premium leg and protection leg equal. 
We can re-write the formula as 
premium (s) = s- pvbp^ ^ ^ 
Where pvbp^ = E[ {t) • I.{t) • p{0,t) • dt] is the premium with spread 
equal to 1. The par spread can be expressed as follows. 
" In this case, < v f , or we can say T. — . 
In this case, > t f , or we can say = v f . 
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. _ protection,, 
(3.39) 
If we assume h^{t) constant where h^{t) = h^ for / e [0,+c»), the par spread 
can be expressed as s* =h^ -{l- R), which is independent of the risk-free 
discount factor and prepayment rate. This result is very useful for the calibration 
of constant default intensity'®. We will discuss non-constant default intensity later 
in chapter 5. 
3.3.2 Pricing an ABS Bond 
We consider an ABS bond issued on asset b g B , associated with initial notional 
, scheduled amortization function (t) and natural maturity 7^. We assume 
the bond is paying coupons in the form of a LIBOR rate plus a fixed spread , 
with coupon payment dates . For any date / > 0, we define accrual start date 
( 0 = sup e Q : 5 < ?}, which is the last coupon payment date before time t 
or spot date if t is smaller than the first coupon payment date^°. We denote 
{t) the nominal value of the accrued payment at time f > 0 , which is equal to 
pertinent LIBOR forward rate FR,, plus the fixed coupon spread , and 
multiplied by the day count year fraction between 9^ {t) and t denoted by 
" A non-constant A B S C D S spread tenn structure is not observable directly from the market due to the nature 
that each C D S is referenced to a specific tranche on an A B S pool and the C D S maturity is the maturity of the 
referenced tranche. 
We assume t equals 0 at spot date and the spot date is also in the coupon payment dates Q , i.e. 
0 e Q . 
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( 0 , 0 . We write c^(f) = (FR, + - ^ / c / " ( 0 , 0 -
We assume a fixed recovery rate for the bond, and that the interest rates are 
uncorrelated with the default and prepayment processes. As the price is invariant 
under the notional outstanding, the bond can be valued on a unit notional as the 
sum of three legs, the survival leg SL^, the default leg DL^ and the prepayment 
let ALi^ which are given by the formula below. 
S h = Z K . % . (')) - &( ')+ '•»( ' ) • &(')] • p m • S M (3.40) 
f&Qf, 
DL, = + c , ( 0 ) - 4 j ( 0 - p ( 0 , 0 ' r f F ° ( 0 (3.41) 
AL, = l'(l + c,{l))-?,(l)-p(0,t)-dF,'{l)^' (3.42) 
where (/) = 1 - F / (t) - (t) = e x p ( - 1 (5) • ds). The price of the bond is 
then given as 100 • {SL^^ + DLf, + AL^^) . We can see that, if assuming the 
prepayment intensity is given and the default intensity is constant, i.e. /zf (0 = h° 
for t>0, then the bond price is a monotonic function against , which 
provides us with a way to calibrate the default intensity to the bond price. 
If we consider the "semi-accrual" payment dates which consists of the dates 
occurring at the middle of forward starting coupon periods and the date half-way 
between spot and the first payment date. We can get the following approximations 
Here, w e focus on the default and prepayment dynamics of an ABS bond. So for simplicity, we ignore the 
convexity between the forward LIBOR rate and the discount factor. 
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for the default leg and prepayment leg. 
DL, » 2 ( ^ 4 + c . ( : ) ) ' 4 W f(0,<) (3.43) 
AL, « + (())]'" (3.44) 
3.3.3 Pricing a Synthetic CDO Tranche on ABS 
For a CDO tranche on a basket of amortizing assets, for example, an ABS, there 
are usually two types of structures: pro-rata and sequential. 
In a pro-rata structure, the percentage of notional protected is constant with 
respect to the amortization and prepayment of the CDO basket. In a sequential 
structure, the amount protected does not change with respect to the amortization 
and prepayment of the CDO basket until the amortization and prepayment reach 
the detachment amount. If the attachment amount is reached, the CDO tranche 
ceases to exist. 
In either of the structures, the default losses will keep as cumulating as default 
happens. The CDO tranche does not suffers loss until the accumulated loss 
reaches the attachment amount, which is the same as a standard corporate CDO 
tranche and essentially it can be viewed as a sequential structure. 
The default leg and prepayment leg here are approximated by assuming that on average that defaults and 
prepayments occur at the middle of coupon periods, rather than considering the "cont inuous" default and 
prepayment event. This assumption becomes less valid as the bond trades far below par. 
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The Cash-flow Dynamics of a CDO tranche in a Sequential Structure 
Consider a CDO basket B . Suppose each underlying asset b & B is associated 
with an amortization function . Following the definition in section 3.2, each 
amortization function is non-increasing and deterministic against time t. We 
have ^i^{Qi)-\ and (^^(/) = 0 , for where 7]^  is the natural maturity of 
the asset. We define = sup {7],: 6 e as the natural maturity of the CDO 
basket. Also for monitoring the events, we have an event indicator function 
t e [0 ,+Go) - > l^{t) - j for each of the asset b e B , which is defined the same 
as in section 3.2 where is the event time of asset b . We denote the effective 
event times by 0 ^ = < 7], : 6 e , the effective default times by 
= {r^ , e 0 g : = r ^ } and the effective prepayment times by 
e = r ^ } , where 0 ^ U 0 g = 0 g . We also assume that for any 
event times e 0 ^ , that P[r^ = ] = 0 , to ensure that no multiple events 
occur at the same instant. 
CDO Tranche Amortizations under no Event has happened 
The portfolio effective notional is then defined as the actual notional amount of 
the portfolio at time t with respect to assets' amortization, prepayment and 
default. It can be expressed as the following. 
= (3.45) 
bsB 
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where denotes the initial notional amount of asset b ^ B . 
In a sequential structure, before any default happens, the attachment and 
detachment amount does not change with respect to the amortization until the 
amortization hits the detachment amount. This means the percentage of notional 
protected is not constant with respect to amortization. 
At time t, where t < inf{r^ : 6 e 5}, we have 
= min(6^ - (0), (f)) 
Detach, = min(w • Ng (0), Ng (f)) 
where d and u d <u <\) denote the percentages of attachment of 
detachment with respect to the initial notional amount of the basket; Attach, and 
Detach, denote the effective attachment and detachment amounts of the tranche 
at time t where there is no prepayment and default event has happened. 
Effective Attachment and Detachment and Tranche Losses 
We suppose tranche's premium payment dates 0 <t^ <t.^<,...,<t. <,...,<t^ , 
where = Tg is the natural maturity of the CDO basket. We assume the 
effective attachment and detachment are only re-calculated on each of the 
premium payment dates t. {\<i<K) and each of the event date e 0 ^ . It is 
also assumed that for any G 0 g , we have = / J = 0 for \<i<K , to 
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ensure that there is no event on the premium payment dates. The re-calculation of 
the effective attachment and detachment can be expressed as follows. 
Attach,^ = mm{Attach^_ ,Ng{tj) (3.47) 
Detach,_ = min(DetocA ^, Ng {t-)) (3.48) 
where for time ^ > 0 , we denote Attach, and Detach, the effective 
attachment and detachment amount at an event time or premium payment date 
previous to t , whichever comes later^^. Also we denote 
Size, = Detach, - Attach, the tranche effective size at t, and 5/ze _ the 
previous tranche size. 
On each of the event time e , the CDO basket loss amount D^^  and 
prepayment amount ^ are calculated according to whether the event is a 
default or prepayment as below. 
X, =4 " ^ (3.50) 
where is assumed to be a fixed recovery rate for asset b on a default event. 
If the basket loss reaches the attachment, the tranche will suffer a loss. If the 
We assumed the re-calculation of the effective attachment and detachment only occurs on a premium 
payment date or event time. 
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detachment is also reached, the tranche ceases to exist. The tranche loss Loss^ 
can be calculated as below. 
Loss^^ - min[max(D^^ - Attach^ _ ,0), Size^ _ ] (3.51) 
Also, the tranche suffers prepayment due to the event. We denote Prepayments^ 
the tranche prepayment amount on an event and is can be calculated as below. 
Prepayments^ = min[max(£)etoc/z^ _ - ,0), Size^ _ ] (3.52) 
The effective tranche size in an event is then re-calculated as 
Size^.^ =Size^_ -Loss^.^ -Prepayments^ (3.53) 
The effective attachment amount is then expressed as 
Attacks.^  = maiX{Attach^_ - , 0 ) , (3.54) 
and the effective detachment amount is expressed as 
Detachs. = Attacks. + . (3.55) 
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The Pricing of a CDO Tranche 
Similar to the pricing of an ABS CDS, we price a CDO tranche via the protection 
leg and the premium leg as the formula given below. 
Protection = E[ ^ p { Q , ) • Loss^^ ] (3.56) 
K 
Premium = s • E [ ^ t.) • ofc/j • ] (3.57) 
/=l 
We can see that by simulating the event times under our Gaussian Copula model 
discussed in the early of this chapter, a Monte-Carlo simulation routine is 
provided above for the pricing of a CDO tranche on ABS. 
Loss and Prepayment Distribution of a CDO Basket on ABS 
We denote gg(%, jy) the 2D probability density function (pdf) of the loss and 
amortization^'^ amount at time f > 0 , where x denotes the cumulative loss 
amount of the CDO basket B for the time period (0,/] and y denotes the 
cumulative amortization amount for time period (0, t]. 
Following the notation introduced in the early of this part, we have 
0 < X + y < iVg(0) . We denote a = N^iQ)-d and fi = Ng{Qi)-u the 
attachment and detachment amount of a CDO tranche, and we write a 
Here, the amortization includes both scheduled and unscheduled amortizations. 
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tranche on basket B with attachment and detachment amounts a and /3. We 
denote L ^ and A » the cumulative loss and amortization amounts of tranche 
"a 
, both of which are a function of x and y and expressed as below. 
L^^(x,y) = min[max(% - (3.58) 
(^,) ') = min[max(/7 - (0) + yg - a ] (3.59) 
By noticing that the tranche loss is only related to the basket loss, and the tranche 
amortization is only determined by the basket amortization, we then simplify 
as as 
For a given time horizon t>0, we denote L „ (^) = E [L „ (%)] the expected 
" a o B.I Og 
tranche loss and # . ( f ) = E {P - a - L^p{x)-A„{y)'\ the tranche notional, 
if a oB.i Dfj Dfj 
where we denote E^[*] as the expectation with respect to probability density 
g . 
We denote , (%) and g*, (y) as the marginal probability density function of 
loss and amortization^^. Then the expected loss and tranche notional can be 
expressed with respect to the marginal density functions as below. 
4 X 0 = 5 (3.60) 
pt-co M-co 
'Wehave g ^ / % ) = I and I 
J-co v-cc 
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JV,,(0 = ^ - a - E [ i ( x ) ] - E [A,,(y)] (3.61) 
By re-calculating the expected tranche loss and notional amounts on each of the 
premium payment dates, a CDO tranche on ABS can be priced if the loss and 
amortization distribution is given. A Fourier ti-ansfonn method can be applied for 
obtaining the probability density function of loss and amortization distribution 
under our one-factor Gaussian copula model. 
Recalling the conditional default and prepayment probabilities derived in section 
3.2, for asset b e B, given a time horizon / > 0, we have the conditional default 
and prepayment probabilities (t, z) and {t, z) expressed as 
p^{t,y) •.= F^{t\Z = z) = ^ 
^|^ - Pv 
(3.62) 
(3.63) 
For simplicity, we assume each asset b e B has a bullet-scheduled 
amortization^^ and associated with a natural maturity >t, a notional TV^  and 
a fixed recovery rate 7? .^ Also we assume that v{b) is a one-to-one mapping, 
which means that each single asset is referenced to a unique ABS pool^^. The 
This is to ensure that at t ime t , all the assets are still alive in the basket. Under bullet assumptions, we can 
adjust the prepayment intensities to reflect the scheduled amortization function. The adjustment will match 
the price for single name A B S instrument such as an ABS C D S and A B S bond. However it is not ensured that 
the tranche pricing will match. We will discuss this kind of "bullet adjus tment" or "bullet replication" later in 
this chapter with some numerical examples. In chapter 4, the Fourier transform method will be discussed in 
detail, and a method for including a non-bullet scheduled amortization will be provided. 
In this case, we do not consider the internal seniorities of the single assets, and therefore we can achieve 
the conditional independency between the single assets under our one-factor Gaussian Copula f ramework. 
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conditional loss amortization probability density function for asset b is then 
expressed as the following. 
, ybr x = AT* 
9 6 ^ , , ybr ;c = 0 , }' = A^ 
l - ; ) 6 ( r , z ) - g ^ ( f , z ) , % = 0 , ); = 0 
(3.64) 
By denoting i = the imaginary unit of a complex number, the 2D Fourier 
transform of the conditional loss amortization probability density function for 
asset b can be expressed as below. 
(3.65) 
Then the Fourier transform of the loss amortization probability density function 
can be expressed as , (fUj, «2) []~J ,({«!, )]• (z)(z) • J z , where ^(z) is 
b&B 
a standard Gaussian density function. 
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Following we demonstrate the distribution of default and prepayment given 
different correlation assumptions. We assume 100 assets in a basket with identical 
default intensity 100 bps and identical prepayment intensity 500 bps. For a time 
horizon of 10 years, we generate the default - prepayment number distribution 
based on different correlation assumptions. Figure 3.5 is based on correlation 0, 
and demonstrates a bell-shaped distribution that is quite concentrated on the 
expected number of default and prepayment. 
Figure 3.5 (Correlation 0) 
Number of prepayments 
Number of defaults 
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Figure 3.6 is generated based on a correlation of 0.5. The graph shows that default 
and prepayment are more likely to happen together and the probability of having 
prepayment is higher than that of default because prepayment intensity is five 
times as the default intensity. 
Figure 3.6 (Correlation 0.5) 
Number of prepayments 
Number of defaults 
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In Figure 3.7, we demonstrate the scenario that underlying assets having a high 
correlation of 0.9. We can see that the high correlation has pushed the distribution 
to the edges of the graph, which means that given the vast majority of the assets 
are prepaid, there are little chance that any other assets are having default, and 
vice versa. 
Figure 3.7 (Correlation 0.9) 
a dOG 
too 100 Number of prepaymenls 
Number of defaults 
As it is mentioned earlier, for pricing of a CDO tranche, we just need the marginal 
probability density function of loss and amortization, which can be given in a 
simpler form as a ID Fourier transfonii. We write the Fourier transform of the 
marginal loss pdf and marginal amortization pdf as below. 
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Pbit,z))]-(l){z)-dz (3.66) 
b^B 
s l j (®) = £ [ n Pb (4 z) • + q^ {t, z) • e'"""' + (1 - (/, z) - (t, z))] • ^(z) • dz 
6EB 
(3.67) 
For the pricing of a CDO tranche, the original marginal loss and amortization 
probability density functions are obtained via an inversion of the Fourier 
transform. A Discrete Fourier transfonn method will be discussed in Chapter 4 for 
the inversion part. In addition, a Fourier transform method will be provided in 
Chapter 4 for dealing with non-bullet scheduled amortization functions. 
3.4 A Fixed Amortization Model and Some Numerical Examples 
In the early of this chapter, we have set up a simplified model for the pricing of a 
CDO tranche on ABS, where each of the underlying ABS CDS is assumed a 
single ABS asset having default, prepayment and amortization features. In this 
section, we degenerate the prepayment feature of an ABS asset by making the 
assumption that the prepayment intensities are constantly equal to zero. The 
model then becomes a standard corporate CDO tranche model with the simple 
extension that underlying assets have fixed amortizations. We call this model a 
fixed amortization model. Based on the fixed amortization model, we do some 
numerical tests and see how the amortization feature will affect the price of a 
CDO tranche. We also conclude that using a "bullet" asset to replicate an 
amortization asset is inappropriate for the pricing of a CDO tranche. 
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3.4.1 A Fixed Amortization Model 
Based on the simplified modeling framework, we make some further assumptions 
as below. 
1. The prepayment intensity is constant and equal to zero. We have 
(0 = 0 , for be B and t e [0,+oo). 
2. The default intensity is constant, i.e. h^{t) = h^ for b E: B and 
t e [0,+co). 
We can see that under these assumptions, an event is always a default. So in the 
rest of the section, if we mention an event, we always refer to a default event, 
where denotes the default time and denotes the default intensity for 
b ^ B , until otherwise specified. The model then becomes a standard CDO 
tranche model with a fixed amortization schedule. The amortization schedule for 
asset b G B is represented by the scheduled amortization function (t) 
introduced in the last section, and then the nature maturity 2^ is defined. For 
simplicity, we assume that for 6, c e 5 , if b ^ c, then v{b) ^ v(c), which means 
different assets in the CDO basket are referenced to different ABS pools. Then the 
extended one-factor Gaussian copula model degenerates to a standard one-factor 
copula model used for corporate CDO tranche pricing. 
' In this case, w e assume the credit spread of a single name A B S C D S is always greater than zero. 
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3.4.2 Weighted Average Life Estimation and a Model with Inhomogeneous 
Maturities 
Practitioners familiar with the corporate credit derivatives always want to 
replicate the amortizing assets with "bullet" assets for simplicity. Based on the 
fixed amortization model, we introduce a weighted average life (WAL) estimation 
method, where the underlying assets of a CDO on ABS are assumed bullet assets 
with maturities equal to the WALs of the natural WALs determined by the asset's 
scheduled amortization function. The model is then becomes a corporate tranche 
model with underlying assets with inhomogeneous maturities. To test this WAL 
estimation method, we present a simple semi-analytical solution for the pricing of 
a tranche. 
Consider a portfolio with K non-amortizing or bullet assets with identical 
notionals N and recovery rates R but different fixed maturities 
, we assume the maturity of the CDO tranche is the maximum 
maturity of the underlying assets, i.e. 7 = s u p { r , , 7 ; , . . . , 7 ^ } . For a given 
time horizon t <T , we have the number of matured assets (t) : -# {%]. | 7). <t}, 
where 0 < (f) ^ • The rest of the assets are still outstanding or alive, the 
number of assets still alive is then defined as (t) := K-K^ (t). 
For simplicity, we assume the default intensity h. of asset i is constant 
{i = \,2,...,K). Then the marginal default probability for each of the underlying 
asset for time period [0, t] is given as below 
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/?,- (0 = 1 - exp(-/z,. • min(7;.,/)) (3.68) 
The Gaussian copula one-factor model gives us the conditional independent 
default probability as 
= (3.69) 
V i - f 
where z is the common factor following standard Normal distribution and p 
is the correlation loading factor. 
We introduce an indicator function = to monitor whether asset i is 
matured or still outstanding. We call this the maturity indicator function. With 
fixed maturity assumption, we can see that the maturity indicator function is a 
deterministic function against time, which has value 0 if the asset is still 
outstanding and value 1 if the asset is matured. 
This is slightly different to the standard corporate CDO tranche models, since not 
only we need to define the loss given default but also the amortization given 
default and amortization given survive have to be defined. 
Loss given default is defined as in the standard corporate CDO tranche model 
which is time independent: LGD = (l-R)-N. 
Amortization given default is then defined as AGD = R-N, which is also time 
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independent. This amount is the amortization amount given the asset has 
defaulted during the period [0, . 
Amortization given survival is defined as AGS(t) = N • l(t), which is a time 
dependent function. This function means that the full notional is repaid if an asset 
survived before its maturity. 
Now for each asset, we construct a function as below 
Ui(x) = + Pi{t,z) ) X (3.70) 
Multiply each t/,. (x) through the index i, we get a polynomial P{x) 
f (x) = H e / , w = (3-71) 
1=1 1=0 
where a^{t,z) is the probability that the portfolio having i credits survived 
over the time interval [0, conditional on the common factor z . If we use 
L{t, z) to denote the number of losses, then the number of loss distribution can 
be expressed as 
P[z,(r,z) = f] = (r, z) 0 < z < .AT (3.72) 
Under the homogeneous notional and recovery assumption, the number of loss 
distributions given above is enough to calculate the tranche expected loss. 
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However, for the tranche amortization amount it is not enough because the 
amount given the asset survive also depends on whether the asset is matured. We 
then introduce the following function with an extra dimension to capture whether 
the asset has matured or not. 
= (l-7, .(f))+;?,(^z) (3.73) 
Multiply each U. (x) through the index i, we get F(x^, ) 
= = V (3.74) 
/=] /=o y=o 
Remember that counts the number of assets that have matured and 
counts the assets still alive before a certain time horizon t. We then have 
a^ .{t,z) the probabihty that the portfolio having / assets survived which have 
already matured and j assets survived and still alive. The two-dimensional 
number of survival distribution can be expressed as below 
= y] = 0 ^ f ^ , 0 ^ y ^ (3.75) 
Suppose we have a tranche with a sequential structure which has a fixed 
attachment amount a and dctachment amount . Following the notation above, 
we can express the conditional portfolio loss amount PLoss{t,z) and portfolio 
amortization amount PAmor{t, z) . 
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= (3.76) 
z) = (f, z) - 5", (r, z)] - ^GD + (^ z) - (3.77) 
Further, the conditional tranche loss amount TLoss{t,z) and amortization 
amount TAmor{t,z) with respect to the conditional portfolio loss and 
amortization amount can be obtained as below. 
TLoss(t,z) = m\n[vaax{PLoss{t,z) - a JS),P - a\ (3.78) 
TAmor{t,z) - min[max(P/(wor(/, z) + P - K • N fi), - a] (3.79) 
The conditional tranche loss TLoss(t,z) and amortization TAmor{t,z) can be 
measured by the probability measure g , we denote Eg[*] the expectation with 
respect to Q. Then the expectation of tranche loss and amortization over the time 
interval [0, t] can be expressed as below. 
£ BQ[TLoss{t,z)'\-^{z)-dy (3.80) 
£ EQ{TAmor{t,z)'\-^{z)-dy (3.81) 
where (f>{z) is a standard Gaussian density function. 
Figure 3.8 demonstrates the dynamics of amortization and default losses of a 
portfolio and a tranche of [10%,70%] based on the portfolio. The portfolio has 
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10 underlying assets with identical notional 1 and recovery rate 40%. There is one 
asset having maturity at 1 year, 2 assets at 2 years and 1 at 3 years, and all the rest 
assets maturing after 8 years. Based on the model introduced earlier in this section, 
we expect to see full notional amortizing at 1 year, 2 year and 3 year if there is no 
default on those assets with short maturities. However we see full notional 
amortization only at 1 year and 2 year but not for 3 year. This means that the asset 
with 3 year maturity defaulted before its maturity. At year 1, we see one asset 
defaulted which caused a loss to the portfolio where the loss amount is one minus 
the recovery rate. At the same time, we can see that there is an amortization to the 
portfolio caused by this default with an amount equal to the recovery rate. At year 
2, portfolio amortizations start hitting into the tranche and at year 3 the tranche 
start taking portfolio losses. To summarize, in this model, asset defaults will cause 
losses on the portfolio and tranche; both asset defaults and natural maturity will 
cause amortizations on the portfolio and tranche. 
Figure 3.8 
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3.4.3 The Failure of "Bullet Replication" 
CDO Tranches on ABS introduces amortization into the underlying assets of a 
tranche. For practitioners familiar with the corporate credit derivatives, the first 
attempt is always to replicate an ABS or amortizing tranche with a "bullet" 
tranche. We call this kind of model a "Bullet Replication" model. 
The weighted average life method we introduced in the early of this section is a 
Bullet Replication model. There are other bullet replication ideas such as using 
"amortization adjusted default intensity" in a bullet tranche model, which tries to 
adjust the default intensity of each single underlying asset to reflect the decreasing 
loss given default caused by amortizations. 
The idea behind Bullet replication model is to use a bullet asset to represent an 
amortizing asset. The amortization information is absorbed in a bullet asset by 
adjusting certain parameters, such as maturity, default intensities etc. Normally 
the bullet adjusting is done before processing the tranche dynamics otherwise it 
becomes a full-amortizing model. 
In general, Bullet replication model has the ability to replicate price for single 
name derivatives. However these models fail to produce the correct price for 
tranches on a basket of single asset or more generally a non-linear payoff on the 
basket. 
Figure 3.9 and Figure 3.10 demonstrate the value of the premium leg of 20 
tranches with 5% thickness that covers the full capital structure of a CDO basket 
with 15 assets. The tranches are adjoined to each other from equity to super senior 
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having attachments 0%, 5%,...,95%, and are priced upon a correlation of 35%. 
We can see that the WAL method is always underestimating the premium leg of 
the junior tranches and overestimating the senior tranches. This is because the 
WAL method truncates the amortization of an asset to form a bullet asset, such 
that when the whole basket is processed with tranches, the losses on the junior 
pieces are overestimated and the amortizations on the senior pieces are 
underestimated. With a 40% fixed recovery rate on each of the assets, Figure 3.9 
demonstrates that the effects of the amortizations upon the defaults of underlying 
assets are significant on the super senior and senior mezzanine tranches. 
Figure 3.9 
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unit coupon rate (0 Recovery Rate) 
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Figure 3.10 
PV of the Premium Leg on a unit notional with a 
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3.5 Summary 
In this chapter, we set up the foundation of the model, which captures the default 
and prepayment of an amortizing asset such as an ABS. We develop a one-factor 
Gaussian copula model for the pricing of a CDO tranche on ABS, where the 
interdependence of default and prepayment are dynamically captured and the 
internal seniority of different assets that are referenced to the same ABS collateral 
is retained. A Monte-Carlo simulation routine is presented and a semi-analytical 
solution is achieved via a Fourier transform method, for the pricing of a CDO 
tranche on ABS under our modeling framework. We further simplified the model 
to examine how amortization will affect the price of a tranche. Some numerical 
examples indicate that using a bullet asset to replicate an amortizing asset is 
inappropriate for the pricing of a tranche. 
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Chapter 4 
Model Implementations 
In this chapter, we examine several numerical techniques for the implementation 
of the model introduced in the previous chapter for the valuation and risk 
management of a CDO Tranche of Asset-Backed Securities (ABS). The model is 
a one-factor Gaussian Copula model which is similar to the standard corporate 
CDO tranche pricing model, such as the model used by Li (2000), Laurent and 
Gregory (2003), Andersen and Sidenius (2004), and Hull and White (2004). 
However, we made some extensions for allowing the underlying assets and 
tranches to have amortization and prepayment features that are important for the 
modelling of the Asset-Backed Securities. 
The aim of this chapter is to develop some efficient procedures for valuing a CDO 
Tranche on ABS under our one-factor Gaussian copula model. We achieve a 
semi-analytical solution via a Fourier t ransfom method, under which the 
prepayment and amortization features of the underlying assets are captured. For 
Monte-Carlo simulation, we develop a Control Variate method for the pricing, and 
an importance sampling method for the calculation of single name risk 
sensitivities. 
4.1 Introduction 
For achieving an analytical solution for the pricing of a CDO tranche under the 
Gaussian Factor model, we saw in the last chapter that the crucial part is to derive 
the cumulative loss distribution from the given marginal distributions. Laurent 
and Gregory (2003) and Moody's employed the Fourier Transform techniques to 
solve the problem. There is another widely used method for the problem called 
the Recursion method, see for example Andersen and Sidenius (2004) and Hull 
and White (2004). Recursion methods try to build the portfolio loss distribution 
directly by starting with examining the loss distribution of a single asset, and then 
add one more asset at each step. With the Recursion method, the loss distribution 
keeps convoluting by adding the marginal losses and multiplying the marginal 
probabilities of one asset at each step. The cumulative portfolio loss distribution is 
then fully built when all the underlying assets are added. The recursion methods 
are straightforward, easy to understand, and efficient to run. However, it lacks 
analytical tractability at the basket level. In addition, the method becomes 
complex when adding extra dimensions, such as the amortizations and 
prepayment introduced in our model. The Fourier transfonn method provides a 
general form for the convolution of the loss and prepayment distributions under 
the Gaussian Factor model framework. The basic idea is that the Fourier 
transform of the portfolio conditional loss distribution is the multiplication of the 
Fourier Transforms of the conditional loss distribution of all the underlying assets 
since we achieved conditional independent under the Factor model framework. 
More importantly, the Fourier transform method reduces the analytical form of a 
multidimensional distribution into the multiplication of its marginal distributions. 
This analytical form is simple, flexible and takes into account various 
inhomogeneous features. In this chapter, we derive the semi-analytical solution 
for the pricing and risks via Fourier transform method under the model introduced 
in the previous chapter. 
In addition to the Fourier transform method, the other big topic in this chapter is 
the variance reduction techniques for Monte-Carlo simulations. We examine 
Control Variate and Importance Sampling techniques which are already widely 
been used in the financial market as standard Monte-Carlo variance reduction 
techniques. There is some research related to the application of these techniques 
on CDO tranche pricing see for example Glassennan and Li (2005). We develop 
control variance and importance sampling methods particularly for our ABS CDO 
tranche model. The control variate is only for pricing purposes and the importance 
sampling is purely for single name intensity sensitivities calculations. 
The chapter is organized as follows. Section 4.2 applies the Fourier Transform 
method to the pricing of CDO tranche on ABS under the one-factor Gaussian 
copula model and some numerical examples are provided. Recursion methods are 
also briefly examined as a possible extension to cover amortizing assets. Section 
4.3 examines some variance reduction techniques for the Monte-Carlo simulations. 
A Control Variate method is developed for the valuation of CDO tranche on ABS 
under factor model. A importance sampling or conditional default sampling 
method is introduced for the single name intensity risk calculation. Some 
numerical examples are provided at the end of the section. Section three discussed 
the Pros and Cons of the semi-analytical method and the Monte-Carlo method on 
the pricing of CDO tranche under Gaussian Factor model. 
4.2 A Fourier Transform Method for the pricing of CDO Tranche 
on ABS 
The price of a CDO tranche is determined by the loss of the whole CDO basket 
over the whole hfe of the tranche. The basket loss is driven by the circumstances 
of each of its underlying assets' default, prepayment and amortizations, and the 
90 
correlation of defaults and prepayments between the assets within the basket. In 
our model, the default and prepayment times of each single underlying asset are 
modelled as the first jump of a Poisson process, and the correlation between the 
assets is introduced via a one-factor Gaussian Copula model. 
Vasicek (1987) first introduced the one-factor Gaussian Factor model for the 
computation of the cumulative loss on a homogeneous loan portfolio. The idea 
behind the model is then been widely used in the area of pricing basket credit 
derivatives, and has been extended to allow inhomogeneous portfolios. The basic 
idea of the model is that conditional on some independent latent state variables, 
the default events are independent. The latent state variables are referred as 
common factors. The model simplifies the pair-wise correlation matrix to one or 
several common factors^^. A one-factor correlation p can be interpreted as a 
correlation matrix having off-diagonal element all equal to p and diagonal 
elements equal to 1. 
1 p ... p 
1 
p p ... \ 
With the introduction of the factor model, one achieved conditional independence 
between the assets within a basket. A semi-analytic solution is then obtainable for 
the pricing of a CDO tranche. Under a factor model, determination of the 
portfolio loss over a certain time horizon is at the centre of the pricing procedure. 
For a homogeneous portfolio, the portfolio loss is calculated via the Binomial 
Multi-factor model is a simple extension to the one-factor model where several factors are introduced to 
driving the correlation in a portfolio. This topic is beyond the interest of this chapter. 
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Expansion method as stated in Vasicek (1987). For an inhomogeneous portfolio, 
there are two widely used techniques. One is the recursion method of Andersen 
and Sidenius (2004) and Hull and White (2004). The other method is via Fourier 
Transform techniques such as Laurent and Gregory (2003) and Moody's. In this 
section we model the loss and prepayment distribution of a portfoho via the 
Fourier Transform techniques. 
4.2.1 The Fourier Transform 
The Fourier Transform of a function / ( x ) is defined as the following. 
/ « = [j(x)-e'"dx 
where i = , is the imaginary unit. 
The Inverse Fourier Transform of function g(x) is defined as the following 
formula. 
g{t) = - ^ r g(x) • e'^dx 
) TT •'-CO 1.K 
By performing the Inverse Fourier Transform to the Fourier Transform of function 
/ ( x ) , we will get the original function / ( x ) , i.e. / ( • ) = / ( • ) . 
The Fourier Transform of the Probability Density Function (PDF) is also known 
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as the Characteristic Function of the Probability Distribution. Two distributions 
with the same characteristic function are identical. Sometimes the analytical form 
of a PDF is hard to get or even does not exist, but their Fourier Transform exists 
and takes a simple fonn. 
If random variables X^ii = are independent, the characteristic function 
N 
of S = ^ X . is the product of the characteristic functions of individual variables. 
/=I 
In another words, the Fourier Transform of the sum of independent random 
variables is the product of the individual Fourier Transforms. If we assume each 
of the individual random variables Z,. follows PDF /](#) , then we have 
following expression. 
m - Y l ' m (•) 
1=1 
4.2.2 The Fourier Transform of the Probability Density Functions of a 
Basket Loss and Amortization Under the One-factor Gaussian Copula 
Model 
We consider a CDO basket B with single asset be B associated with a 
notional , a fixed recovery rate ( 0 < < 1 ) and a scheduled 
amortization function . We denote p,,{t,z) and the probability of 
default and prepayment over a certain time horizon t conditional on the 
Gaussian common factor Z - z . 
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We denote LGDi^{t,z) and the loss and amortization given the asset 
has default event before time t and conditional on the common factor Z = z . 
Also we denote AGPi^  the amortization given the asset has a prepayment event 
before time t and AGS,^{t) the amortization given the asset has survived 
before time t. We can see that AGP^ and AGSy{t) are independent to the 
common factor, and AGP^ is not even time-related. We have AGP,^  = and 
AGSi^{t) = { \ - N Then we can re-write the 2D PDF of the conditional 
loss and amortization of the single asset b given in Chapter 4, as below. 
Sbj (^) - 96 (^z) , yor x = 0 , = 
The Fourier transform of the marginal conditional PDF of the loss can be 
expressed as 
(4.1) 
and the Fourier transform of the marginal conditional PDF of the amortization can 
be expressed as 
. (4.2) 
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Then we write the Fourier transform of the marginal loss PDF and marginal 
amortization PDF of the basket B as below. 
("») = O n <®)1 • fKz) • dz (4.3) 
beB 
S'l,, (®) = £ [ f l slit (^)] • • dz (4.4) 
where ^(z) is the standard Gaussian density function. 
If the scheduled amortization function (/) is a bullet, we then have 
= (4.5) 
AGD^{t,z) = Ni^-R^, (4.6) 
(4.7) 
and (4.8) 
In this case, the results given in Chapter 3 are reached. 
Now we consider the case where the scheduled amortization for each asset is not a 
bullet. We denote (s) = (0 < ^ < O the default time distribution 
conditional on default has happened before time t, and W, (s) = 
<7A(f,z) 
(0 < 5 < 0 the prepayment time distribution conditional on prepayment happened 
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before t . Then we have 
LGD,(t,z) = N , - ( \ - R , ) - ( 4 . 9 ) 
AGD,{t,z)^N,-LGD,(l,^), (4.10) 
By replacing the above results formula (4.1), (4.2), (4.3) and (4.4), we get the 
Fourier transform of the marginal loss PDF and marginal amortization PDF of the 
basket B , where the underlying assets has non-bullet scheduled amortizations. 
To compute LGD^{t,z) and AGD^{t,z), we make the assumption that the 
scheduled amortization function of each underlying asset b ^ B is a step-down 
fiinction. We have the step-down dates 0 = /^  < /, <... < t- <... < f = 7^  and the 
scheduled amortization function is piecewise constant between each of the time 
buckets for / = 1,...,«^, and the scheduled amortization function can be 
represented by a vector where ) for 1 < / < . Then 
for t = tf, we have the following expressions. 
LGD,(t^.z) = N, - ( l - ( 4 . 1 1 ) 
AGD,(t,.z) = N, • i ; ( l - ^ , , , •&.,)• W ° - " ( 0 ) - » ' ° - ' ( 0 ) ) (4.12) 
y=i 
4.2.3 The Discrete Version of the Fourier Transform of PDF of Basket Loss 
and Amortization 
First of all, we introduce Dirac Delta Function Dirac Delta Function is 
defined by the following property. 
0 X 0 
o(x) = { , and 
00 X = 0 
£ 5{x)dK = \ 
The function can be viewed as a limit of Gaussian 
J (x) = l i m - ^ 
• <j 
An important property of the fiinction is as follows. 
/(O) = [^f{x)5{x)dx 
We can see that / ( 0 ) can be pulled outside the integral so we can say 
To generalize, we easily have the following by shifting the delta function 
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f{a) = f{x)5{x - a)dx 
/(%)(^(x - a) = / (a )^ (% - a) 
The Fourier Transform of a Dirac Delta Function is 
By recognizing the fact that the distribution of the basket loss and amortization is 
discrete under our assumptions that the scheduled amortization function is a step 
function for each of the underlying single assets, the PDF of the basket loss and 
amortization can be viewed as a sum of shifted Dirac Delta Functions. 
We denote Ax a common divisor of all the possible losses and amortizations of 
the basket. We call this common divisor the basket unit. Normally we choose the 
greatest common divisor as the basket unit to make the number of the 
discretization steps as small as possible. We assume that by taking K steps, all 
the losses or amortizations can be sampled and each of the losses and 
amortizations is associated with a probability {k = l,...,i^). Then we have 
K-\ 
= (4.13) 
The Fourier Transform of the PDF of the basket loss or amortization density 
function is then expressed as follows. 
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= \^^C^gk5{x-k^x))-e'"^"dx 
i-=0 
= XSk k^x) • e'"^ • dx 
A ' = 0 
K-\ 
= ^Sk 
K-\ 
_ ^-icokAx 
k=0 
4.2.4 Discrete Fourier Transform 
The Discrete Fourier Transform of a vector (h^, / z , / z ^ _ , ) of complex numbers 
is defined as a vector {Hq , / / , / f ) of complex number, where 
M-l 
m = 0,1 , . . . .M-l 
t-0 
Similarly, the Inverse Discrete Fourier Transform is defined as 
1 M~\ 
^ k=0 
The Discrete Fourier Transform is defined in a similar way to the continuous 
Fourier Transform as we also have that the property that Inverse Discrete Fourier 
Transform of the Discrete Fourier Transfomi of a vector gives us the original 
vector. 
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4.2.5 Computing the PDF of Basket Loss and Amortization 
Recall formula (4.3) and (4.4), and we define a) = , we have 
SB,, ) = £ [ f l Sbf ( 4 . 1 4 ) 
bsB 
sl,, ) = £ [ O s l ' j W m ) ] ' ^ ( z ) • dz ( 4 . 1 5 ) 
beS 
for m = Q,l,—,K-\ 
Also we notice that 
G ' ; = r f , ( ® . ) = E « . m = (4.16) 
k=0 
G : = r f , , ( ® J = i ; r f ' e " " ' " ' \ » i = 0 , U , A : - 1 ( 4 . 1 7 ) 
k=0 
Then by applying Inverse Discrete Fourier Transform, we have 
= ( 4 . 1 8 ) 
^ m=0 
g* ^ = 0 ,L. . ,A:-1 (4.19) 
^ m=0 
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where g l (A: = - 1 ) represent the PDF of the basket loss, and g l 
{k = 0,1,..., K - I ) represent the PDF of the basket amortization. 
In Figure 4.1, we demonstrate portfolio loss distributions generated by Fourier 
transform method. It compares the loss distributions of a homogeneous portfolio 
and a heterogeneous portfolio. Each of the portfolios has 50 names and all the 
assets have zero recovery rate. In the homogeneous portfolio, all the assets have 
notional of 2. In the heterogeneous portfolio, 25 assets have notional of 1 and 25 
have notional of 3. We can see from the graph that the loss distribution of 
homogeneous portfolio always has zero value at odd numbers. This is because the 
portfolio only has chance to have losses at 2 , 4 , 6 , ... i.e. even numbers. However, 
the heterogeneous portfolio fills in some spikes in between homogeneous 
distribution because the cumulative loss also has chance to get the odd numbers. 
Figure 4.1 
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4.2.6 Interim Conclusion 
The Fourier Transform Method for the computing of the basket loss and 
amortization density function has no numerical error as long as a common divisor 
is chosen for the discretization of the loss and amortization domain. However, 
when the basket becomes very heterogeneous, the greatest basket unit becomes 
very small which leads to a dramatically increase of the computational time for 
the discrete Fourier transform. In this case, a Monte-Carlo simulation method 
becomes more efficient. In the next chapter, we will examine some variance 
reduction techniques for the Monte-Carlo simulation of CDO tranche on ABS. 
4.3 A Control Variates Method for the Pricing of a CDO Tranche 
on ABS using Monte-Carlo Method 
In this section, we develop a Control Variates method for the Monte-Carlo 
implementation of the model introduced in Chapter 3. This method is not only 
applied to the pricing of a CDO tranche on ABS, but is also applicable to the 
pricing of a standard CDO tranches which has no amortization and prepayment 
features. 
4.3.1 Control Variates 
The Control Variate is one of the most effective and broadly applicable techniques 
for improving the efficiency of Monte-Carlo simulation. The method keeps track 
of the inforaiation about the errors in estimating of known quantities to reduce the 
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error in an unknown quantity. 
Suppose % is a random variable or vector which drives the randomness of the 
simulation outputs. Denote Y{X.) the ith simulation output which depends on 
the realization of the randomness X.. Usually we are interested in the mean of 
E\Y{X)'\ so we do N simulations and calculate the average. 
This is the most straightforward estimator of £'[7(X)]. We call it the standard 
estimator. When N goes to infinity, the estimator converges with probability 1. 
lim f { ( F M - < 4 = 1 (Vg > 0) (4.21) 
N^co 
Now, for each AT,, we calculate another output Z(X,.). Suppose the expectation 
of the output E\Z{X)'\ is known, we construct a new estimator. 
[/,(&) = - 6 . (Z(.^,) - E[Z(Z)]) (4.22) 
Calculating the average of U. (b), we have 
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U (6, N) = — = y (AT) - 6 . (Z (A )^ - E[Z(;^)]) (4.23) 
N 
We call U (b, N) a Control Variate Estimator. Z serves as a Control Variate. 
As an estimator of E[Y{X)'\, U (b, N) is unbiased as 
lim [/ (6, = lim F ( # ) - 6( lim Z (A )^ - E[Z(;^)]) = (4.24) 
To see how the new estimator reduce the variance of the simulation, we look at 
the variance of U (6) 
P^r([/(6)) = |/ar(y(;!r) - 6 - (Z(y^) - ^ Z ( Z ) ] ) 
2 ,2 2 (*) (4-25) 
= cTj, +b -IbUyCj^Pyj^ 
where = Var(Y(X)) , '^z = Var{Z{X)) , and 
_ Cov(y(;r) ,z( ;^)) 
PYZ -
^Fa r (y (Z) ) .P^r(Z(y^)) ' 
The standard estimator has a variance of <7y ,^ so the new estimator has smaller 
variance than the standard estimator when < I h c j y a • We call the new 
estimator the control variate estimator. 
To optimise the control variate estimator, we calculate the optimal coefficient b 
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to minimizes variance of the estimator. From (*), we get 
6 (4.26) 
cfz Ptzrf/T) 
Substitute the optimal coefficient in (*), we find the variance of the optimal 
control variate estimator. 
VarQJ(6)) = cTj,^  ^ - 2 CTyO"^ p^ z 
O", cr z "Z (427) 
To compare the variance of optimal control variate estimator to the standard 
estimator, we calculate the ratio of the two variances. We get 
Var(Y) a 
== 1 - (**) 04.28) 
y 
We call this ratio the optimal controlled ratio, using 0 to denote that. Obviously 
the lower the 0 , the better the optimal control variate estimator. We can see that 
the ratio equal to zero if Y and Z are perfect correlated (positive or negative). 
This means only one simulation path is enough to get the "true" value. 
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Figure 4.2 
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Figure 4.2 demonstrates the relationship between Q and Py^. We can see that 
the higher the correlation the lower the Controlled ratio and the signs of the 
correlation are irrelevant to the efficiency. If assume the computational effort per 
simulation path for the controlled estimator is the same as the standard estimator, 
n 
then it require paths for the standard estimator to get the same accuracy 
PYZ 
of the optimal control variate estimator with n paths simulations. 
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Figure 4.3 
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We can see from Figure 4.3 that when the correlation approaching 1 or -1 , 6 
decreases to zero very sharply and the efficiency of the control variate estimator 
increases dramatically. For example, 70% correlation only reduces half of the 
computational time however 95% can provide 10-fold speed-up. Zero correlation 
provides no improvement to the simulation. 
In practice, nonnally it is unlikely that we can calculate b analytically because 
E{Y) is unknown. However using the estimated optimal coefficient b * may 
still giving most of the benefit of a control variate. The most straightforward 
estimator of b is based on the simulation sample. If we take N simulations, 
then we have 
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^(Y(X,)~Y}(Z(X,)-Z) 
K' = 1 (4.29) 
^{z(x,)~zy 
1=1 
T n x , ) _ t,z(x,) 
Where Y = ^ and Z = ^ are the sample averages. Obviously 
by law of large numbers, we have b j - ^ b with probability 1. 
4.3.2 Applying Control Variates to the Pricing of CDO Tranche on ABS 
As discussed in the previous section, semi-analytic solution can be achieved via 
Fourier Transfonn techniques. However the semi-analytic method becomes less 
efficient than Monte-Carlo simulation when portfolio becomes very 
heterogeneous. In this section, we examine control variates technique for the 
pricing of CDO tranches under Gaussian Copula model. 
A good control variate must have all the following properties: 
1. Have close-form solution and be easy to compute: the computational time 
of the "real" expectation should be ignorable comparing with simulation 
method. 
2. Have the same underlying randomness as the simulation target. 
3. Correlated with the target variable as highly as possible: the best control 
variate is the simulation target itself, in which case only one simulation is 
enough to get the "real" value because the simulation error can be fully 
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absorbed by the control variate. 
In chapter 3, we discussed the bullet replication method for the pricing of a CDO 
tranche on ABS. The motivation of using these bullet replication methods is that 
they have some simple analytical solutions. These methods failed for the 
approximation of a tranche with non-bullet underlying assets because of the 
non-linearity of the payoff of a tranche. However they provide a rich source of 
control variates for the simulations. 
In this section, we construct the control variate using one of the bullet replication 
methods - the weighted average life approximation. In addition, we make the 
control variate homogeneous notional and recovery rate to achieve further 
simplification of the analytical solution^^. The simulation routines of the target 
tranche and the control variate should be the same and based on the same 
randomness which is determined by the default intensities and prepayment 
intensities of the underlying assets and the correlation between the assets. 
We now construct the control variate for the pricing of a CDO tranche on a 
basket B with each of the single assets b e B associated with a fixed initial 
notional , recovery rate and scheduled amortization function with 
natural maturity 7^. Now we construct a hypothetical tranche B^ as the control 
Z " . _ 
variate of B^. We write N = — and R = — — the averaged notional 
and recovery rate, where K is the number of single assets in basket B . We also 
One might want to release the assumption of homogeneous notional and recovery rate to achieve higher 
correlation between the target variable and the control variate. However the analytical solution of the control 
variate will become complex. This kind of trade-off is always existed. 
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denote 2^ = - ^ t • the natural weighted average life of asset h. Then 
is a tranche with the same attachment and detachment as tranche , but on 
a different hypothetical basket B where all the underlying assets have identical 
notional N and identical recovery rate R , also each of the single assets b ^B 
has a bullet schedule with natural maturity T,. 
We denote ( X ) and ( X ) the payoffs of tranche B^ and B ^ , where 
X denotes the randomness^^ of the payoffs. Under our construction, E[7-^ (Z)] 
has a semi-analytical solution and takes a simple form under the Gaussian Copula 
framework. The control variate estimator is constructed as follows. 
( ; r ) - 6 . (y_, (;^) - E[]^, ( z ) ] ) (4.30) 
We are unable to obtain the optimal coefficient b in an analytical form. 
However we could estimate it during the process of the simulation. After a 
sampling of N paths, we can estimate b using the following expression. 
K ' = , (4.31) 
i = l 
3 1 The payoff of a tranche is represented by its default leg and premium leg that are determined by the default 
id prepayment t imes associated with each ol 
It is the randomness of the default and prepi 
intensities and the correlation between them. 
an  f the underlying assets. 
payment times that are determined by the default and prepayment 
110 
I . W ) 
Where Y . = i=\ 
N 
and 7-^ = /=1 
N 
are the sample averages. By 
the law of large numbers, we have that for N —> +co, 6^ —> 6 with probability 
1. We can see that the optimal controlled estimator U{bJ,X) is an unbiased 
estimator of (%)]. 
Figure 4.4 compares the standard deviation of the protection leg for the 10% 
equity tranche on a CDO basket with 20 assets. Both paths demonstrate the 
convergence to zero as increasing the number of simulations. Also we can see 
from the graph that the simulation with Variance Control using 10,000 paths is 
much better than which without Variance Control using even 80,000 paths. The 
expected relative error of protection leg is around 0.25% for Variance Control 
with 10,000 paths. 
Figure 4.4 
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Compare with the standard Monte-Carlo, the control variates method needs to 
make some more computational efforts to calculate another payoff on each 
simulation path, which means for the same number of simulation paths M , the 
control variates will be slower, however not slower than standard Monte-Carlo 
with 2 M paths because for each path we do not need to regenerate the default 
times again. Hence, if the control variate technique cannot provide more accuracy 
than standard Monte-Carlo with doubled simulation paths, it is not worth to be 
considered. The perfomiance of the control variate is highly related to the 
correlation ("similarity") of the payoffs between original tranche and the control 
variate. To summarize, wider tranche size and some extreme sized individual 
assets will reduce the performance of the control variate. 
4.4 An Importance sampling Method for the Calculation of 
Single Name Spread Risks 
Importance sampling is another widely used variance reduction technique for 
speeding up Monte-Carlo simulations. The technique attempts to reduce variance 
by changing the probability measure from which paths are generated. It is a very 
useful variance reduction technique, especially for financial derivatives whose 
payoffs only depend on rare events. 
4.4.1 Importance sampling Basics 
The idea behind importance sampling is quite simple. Consider the problem of 
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estimating the following expectations. 
E[h{x)] = |(/2(x) • l,^g) • / ( x ) • dx (4.32) 
where x is a random variable with probability density function / ( x ) ; h(x) is 
a contingent payoff function and is only triggered if random variable x is below 
a barrier B . The ordinary Monte-Carlo estimator is 
a = ^ (4.33) 
n 
where X,. are random numbers generated from probability density / . 
Let g be any other probability density and satisfying / ( x ) > 0 => g(x) > 0, then 
we have 
= (4.34) 
J gC%) gC%) 
The importance sampling estimator associated with g can be expressed as 
follows 
^ ( 4 . 3 5 ) 
n 
113 
Usually density g is referred to as a biasing density and all we want to do is 
choose a g that allows the payoff to be triggered more frequently. 
f f 
We can see that under g measure, there is an extra term Lix) = added to 
the payoff function. It is the Radon-Nikodym derivative or the likelihood ratio. 
4.4.2 Single Name Intensity Sensitivity and the Brute Force Method 
Single name intensity sensitivity measures the change of the value of a CDO 
tranche on ABS with respect to a small perturbation applied to the default 
intensity of one of the underlying single name ABS assets. By the nature that an 
intensity-based model directly links the CDS spread to the default intensity of the 
underlying asset, the calculation of single name intensity sensitivity is very 
important for the hedging of a CDO tranche using underlying single name CDS. 
In the thesis, when we mention single name spread sensitivity, we always refer to 
the calculation of single name intensity sensitivity. 
Consider a CDO basket B with K underlying single assets 6, e B and 
l<i<K. Suppose each of the underlying single assets b. & B are associated 
with an event intensity curve h. defined on t>Q. Under the one-factor 
Gaussian Copula model, a tranche can be priced once the correlation p and all 
the event intensities of the underlying assets are given. We denote as H the 
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underlying asset's event intensity curves sets, we write H - {h. : 1 < / < AT}. We 
denote the tranche on basket B with attachment a and detachment 
The value of tranche B^ can be expressed as v{B^ ,H,p). We denote H a 
perturbed event intensity curve set and the perturbed value of the tranche is 
v{B^ ,H,p). For simplicity we write v as the original value and v the 
perturbed value of the tranche. Then we denote Av ;= v - v the sensitivity of 
tranche value to the event intensities. 
If the perturbation to the event intensity curve set is only from one asset, i.e. 
H = , we call Av the single name intensity sensitivity, for asset 
6,, we write it Av,.. The perturbation is expressed as a shift to the original event 
intensity curve, and we write h- = h.+d-£, where d denotes the shift direction 
and £ denotes the shift amount, for example for a parallel shift we have d = \. 
In the case that the perturbation is a parallel shift to the event curve, we define 
l i m — - the single name intensity delta. 
s^O £ 
For Monte-Carlo implementation, we want to simulate {l<i<K), the event 
time of each asset b. e B. To simulate the correlated event times, we firstly 
sample the common factor Z , and then sample the correlated standard Gaussian 
factors via 
Xj = ' J p • Z + • 6". (4.36) 
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where g, is the idiosyncratic factor of asset 6. {i = In Chapter 3, we 
have provided a method for the simulation of event time r . , which is generally 
expressed as below. 
(4.37) 
where F;, (•) denotes the event time distribution law. Each sample path is 
actually simulating a vector of event times. A sample tranche value is then 
determined given the event times, denoted by F(r , With a perturbed 
event intensity curve h., the event time is expressed as T. = (<I>(X,-)) . The 
perturbed tranche value on sample path j is written as , and 
the intensity sensitivity is then expressed as 
AFy = r ^ ) . The sensitivity is termed path-wise 
sensitivity since the original and perturbed tranche values are calculated based on 
the same randomness. 
We denote = {r,. <T^ : 6,. e 5} the effective event times, where 2^ is the 
natural maturity of asset h. . I f r,. g , we say an event has happened to asset 
6 . . For the calculation of the single name intensity delta via Monte-Carlo 
simulation, we actually want to compute the single name intensity sensitivity, 
which can be expressed as below. 
1 1 6 
Av, = lim ^ (4.38) 
When using Monte-Carlo simulation for a single name intensity delta calculation, 
the expression given above represents the most direct method called the brute 
force method. For each sample path, we shift the default intensity up and take the 
difference of the tranche value. After N simulations, we calculate the average. 
Obviously this method is slow to converge since AV - 0 on a sample path 
where g ( 9 g , and the delta is actually detennined by just a few paths 
because the sample path contributes only if the target single asset defaults on that 
path and a default is usually a rare event. For example, if assuming the probability 
of default during the whole life of the asset is 1%, then for 1000 simulation paths, 
we only expect 10 paths will contribute to the spread delta. 
To improve the calculation of a single name intensity delta, the control variate 
technique discussed in the previous part usually does not work. For the tranche 
price, all the assets in the portfolio make contributions to the price, they are 
"equally weighted". However for a single name intensity delta calculation, only 
the target single name is "important", the delta is not sensitive to other assets. In 
this case, the "averaged" portfolio specified in the control variate method absorbs 
the error on each of sample paths, but most of which do not contribute to the 
calculation of the single name intensity delta. 
Based on the consideration above, we develop an importance sampling method in 
the next part. The idea is based on the knowledge that if we can make the target 
single asset always have an effective event time on each of the sample paths, the 
117 
efficiency of the simulation of single name intensity delta will be improved 
dramatically. 
4.4.3 An Importance sampling Method for the Single Name Intensity 
Sensitivities 
For simplicity, we make the assumption that each of the underlying assets is 
referenced to a different ABS pool^^. In Chapter 3, we derived the event time 
distribution conditional on the common single factor Z , and it is expressed as 
below. 
= = (4.39) 
With the conditional independence that the one-factor Gaussian Copula model 
provides, we can then write the conditional joint distribution of event times as 
following. 
= (4.40) 
i=i 
>0) 
We can see that in our model, follows the distribution law 
F = v C , where C is the distribution law that the common factor Z is 
This assumption can be easily released for allowing different singe assets from the same A B S pool by 
using the same 
1 1 8 
following. Then the tranche value F(r, , . . . ,r^) is a random variable and it is F-
measurable. The value of the tranche is then expressed as below, 
v = (4.41) 
Under the one-factor Gaussian copula framework, the probability of an ABS asset 
having an event before its natural maturity 2^ , is constant conditional on a 
realized common factor Z = z , we write L{z) = P[r. < 7^ \ Z = z] . The 
conditional distribution of event time of asset b- can be renormalized as below. 
( 0 = (0 < f < 7; ) (4.42) 
L{z) 
We can see ( ? / ^ (t) is the distribution of the effective event time conditional on 
the common factor Z = z . Then we can write the renormalized joint distribution 
of event times as below. 
= <t, | Z = z.;, < r , J = G, ' • ' ( ( , ) • 
04.43) 
and r, > 7 ^ ) 
Then we have constructed a new distribution law G = G^'^' v C, where the event 
time of asset is always an effective event time. We have recognized that given 
a sample path, if the event time of asset b. is not an effective event time, i.e. 
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T. g , the tranche value is always insensitive to T. . We write 
, for any T.,T. ^ 0 g , in this case we denote 
the tranche value as V . Then the expected value of the tranche can be expressed 
as following. 
V = [F] = Ec [K. l ( z ) + F ' . (1 - Z(z))] (4.44) 
We notice that L{z) is the Radon-Nikodym derivative or the likelihood ratio in 
the context of the importance sampling. By the changing of measure, we have 
achieved that on each sample path, the event time of asset b. is effective. Then 
the single name intensity sensitivity can be expressed as below. 
Av. = V - V = Eg [F • L{z) + r (1 -L{z ) ) ] - Eg [F • L{z) + V'-{\- L(z))] 
01.45) 
where G is the distribution law with respect to the perturbed event intensity of 
asset 6;. By further recognizing that G and G are equivalent measures, and 
we rewrite the perturbed tranche value as V under measure G , we then rewrite 
the single name intensity sensitivity as below. 
Av, = Eg [F - Z(z) - K. l ( z ) + F ' . (Z,(z) - r (z ) ) ] (4.46) 
where L is the Radon-Nikodym derivative of the perturbed distribution law 
under G measure. 
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4.4.4 Generating Effective Event Time under the Importance sampling 
Method 
For the simphcity of demonstrating how to generate an effective event time, we 
make the assumption that the default and prepayment intensities of each asset 
b ^ B are constant, i.e. h^{t) = h ^ , h^{t) = h^ for ? > 0 , and we have the 
event intensity {t) = /zf (?) + (t) = h° + , for t>Q. From Chapter 3, 
the default and prepayment probabilities of asset b for a given time horizon t 
are expressed as below. 
= ^L47) 
K 
= ^ ( l - exp( -A ,0 ) (4.48) 
K 
Under the one-factor Gaussian Copula model, if we denote Z as the common 
factor and p as the correlation. On a single simulation path, we demonstrate 
how to generate an effective default time, and the generating of a prepayment 
time is similar. Conditional on Z = z , the conditional default probability of asset 
b ^ B can be expressed as the following. 
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0 - 1 (l-exp(-A^f)) 
( f > 0 ) 
(4.49) 
We build our renormalized distribution as the following. 
<t\Z — z] 
P [ r f < r j Z = z] ( 0 < < < 7 - j ) (4.50) 
where is the natural maturity of asset b . The renormalized distribution is the 
distribution of the default time of asset b conditional on Z = z and r f < . 
To generate the conditional default time given it defaults within the maturity , 
we invert the renormalized conditional default time distribution given above, and 
we get the renormalized conditional default time generator as below. 
-
Infl - {U-A)- VT^ + 4p-zf 
I A* 04 51) 
where 
/ / 
v4 = 0 
0 ' ( l - e x p ( - % ) ) 
-4P--
•P 
(4.52) 
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and t / is a uniform random variable independent to the common factor Z . 
Figure 4.5 compares the single name spread delta calculated using the importance 
sampling method with that using the brute force method as well as the analytical 
method. The graph is generated for an equity tranche with detachment 5% on a 
basket of 5 single assets with averaged spread of 840 basis points and averaged 
WAL of 2.6 years. We have assumed prepayment intensities are equal to zero and 
the scheduled amortization functions are bullets for simplicity of obtaining the 
analytical results. The importance sampling method is tested with 5 different 
seeds and the brute force method with 10 seeds. We have seen that with 10k 
simulation paths, the importance sampling method demonstrates a much more 
stable and reasonable result compared to the brute force method with 100k 
simulation paths. 
Figure 4.5 
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4.5 Summary 
In this chapter, we developed a Fourier transform method to obtain the 
semi-analytical solution of the simplified model. We also presented a control 
variate method and an importance sampling method for the pricing and risk 
calculation of a CDO tranche on ABS via the Monte-Carlo simulation. The 
Fourier transform method always has the advantage that it producing stable and 
accurate results. However, if the CDO basket becomes very heterogeneous and 
the unit loss and amortization becomes very small, the required revolution steps 
of the Fourier transform method will become too large and the method will be less 
efficient than a Monte-Carlo simulation. The variance reduction methods we 
developed in this chapter have significantly improved the efficiency of the pricing 
and risk calculation of a CDO tranche on ABS via the Monte-Carlo method. All 
the techniques are also applicable to the pricing of a standard corporate CDO 
tranche since our model has the backward compatibility that a standard corporate 
tranche model is a special case under our modeling framework. 
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Chapter 5 
A Full Capital Structure Model 
In this chapter, we examine the full capital structure of a single Asset-Backed 
Security. An ABS CDS is then priced as an internal tranche on an ABS pool 
based on the simplified model we introduced in Chapter 3. We avoid the 
difficulties of obtaining detailed information about individual ABS loans within 
an ABS pool by making the assumption that an ABS pool is large and 
homogeneous. We also introduce a diversity score approach for a further 
simphfication of the correlation structure within an ABS pool. With these 
simplifications, the calibration of the model becomes possible under the condition 
that market only provides incomplete information. The purpose of introducing 
this internal tranche pricing model is to generate endogenously the term structure 
of default and prepayment intensity curves used in the simplified model. However 
it can be also used directly for building up a "tranches of tranche" type model for 
the pricing of CDO tranche on an ABS. The seniorities of different single ABS 
assets referenced to the same ABS pool are retained by the endogenously 
determined default and prepayment intensity curves. 
5.1 Introduction 
In Chapter 3, we developed a simplified model for the pricing of a CDO tranche 
on ABS, where a CDO is assumed constituted by a basket of single ABS assets. 
However each ABS asset has its unique default and prepayment profile due to the 
fact that an ABS is "referenced to obligations" rather than "referenced to entities", 
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and there are no two ABS CDS truly alike. Therefore, the ABS CDS market does 
not explicitly provide the term structures of default and prepayment intensities of 
a single ABS asset. However, the term structure of the default and prepayment are 
retained internally within the ABS pool that each asset references to. This market 
condition directly addresses the disadvantage that the simplified model naturally 
requires explicitly parameters but lacks endogenous dynamics. 
To solve these problems associated with the simplified model, we develop an 
internal tranche pricing model that directly looks into the capital structure of an 
ABS pool. This modeling idea can be directly sourced to the structural model 
originated by Black and Scholes (1973) and Merton (1974) for the pricing of 
corporate liabilities, where a firm value process is required to driving the 
corporate bond and equity prices. Rather than building a stochastic process 
directly, we apply the intensity-based framework introduced in Chapter 3 to the 
bottom level of an ABS pool: the individual ABS loans. The cumulative loss and 
amortizations of the individual loans can be thought of as the loss and 
amortization process of the ABS pool, and the volatility of the processes are 
determined by the correlation between the individual loans within the pool. 
We start with modeling individual ABS loans. A scheduled amortization is 
specified as a deterministic non-increasing function against time, and prepayment 
and default are treated as unpredictable events where a Poisson process is 
employed to indicate default and prepayment events. An ABS pool is then defined 
following the definition of individual loans. To extract infonnation from the ABS 
CDS market, some realistic assumptions are made about the underlying individual 
loans on the ABS pool level to build the relative pricing model because of the lack 
of market information on the bottom level of an ABS pool. 
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5.2 Modeling ABS Pool and an Internal Tranche on the Pool 
We denote A an ABS pool, and a e A a single ABS loan belongs to the ABS 
pool. An ABS pool is consisted of a large number of single ABS loans. For each 
ABS loan aeA, we define the scheduled amortization function a 
non-increasing deterministic function against time t, and we have the natural 
maturity of the ABS loan denoted by We have ^^(0) = 1 and (7^) = 0 . 
Suppose the initial balance of A is N^. Then the initial balance of the ABS 
pool is N^ = . The scheduled amortization function of the ABS pool is 
then defined as the following. 
^ . ( 0 = ^==^— (5.1) 
^ A 
Then the natural maturity of the ABS pool is defined as the maximum of the 
natural maturities of the underlying ABS loans, denoted by := max(7^ :ae A). 
We have (0) = 1 and = 0 . We define the paydown time (x) on a 
given scheduled amortization function for a given percentage amount x 
( 0 < X < 1 ) as the first time the scheduled amortization hits x . We have 
(x) = inf{/ e [0,-i-oo); ^{t) < %}. 
This scheduled amortization funct ion is defined exactly the same as it is defined in Chapter 3 for a single 
asset. 
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We consider a tranche with a sequential structure on ABS pool A, denoted by 
A^ , where a and P are the attachment and detachment defined as the 
percentages to the initial balance of the ABS pool. We have 0 < a < /? < 1. Then 
the scheduled amortization function of tranche A^ can be expressed as the 
following. 
^ .p (0 - (/,) (a) (5.2) 
0 ' 
We denote the natural maturity of A^, and from the expression above, we 
can see that the natural maturity of the tranche is equal to the first time that 
scheduled amortization of the ABS pool hitting attachment a , we have 
Suppose we have the default and prepayment intensities /zf {t) and Aj {t) 
( / > 0 ) for each ABS loan a e A. Then we can price the tranche under the 
one-factor Gaussian copula model introduced in Chapter 3. As discussed in the 
previous chapters, a semi-analytical solution can be achieved via calculating the 
expected tranche loss and amortization amount using a Fourier Transform method. 
For a given time horizon t , we denote the tranche expected loss amount 
and TA'^ p the tranche expected amortization amount. For details of computing 
the tranche expected loss and amortization, please refer to Section 3.3 and 
Section 4.2. In the rest of this chapter, a tranche on an ABS pool is referred to as 
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an internal tranche to make it distinguishable from a CDO tranche on ABS. 
5.3 An Endogenous Method for Bootstrapping the Term 
Structure of Default and Prepayment Intensities of a Single ABS 
Asset 
In Chapter 3, we developed a simplified model for the pricing of a CDO tranche 
on ABS, where each underlying asset is treated as a single asset with default, 
prepayment and amortization features. With the simplified model, a CDO tranche 
on an ABS is easy to price under an extended one-factor Gaussian Copula 
framework. However, the simplified model does not provide a dynamic to capture 
the internal tranche structure of a single asset when calibrating the default 
intensities, this leads to inaccuracy of the pricing of a CDO tranche on ABS. 
In Section 5.2, we introduce a method for modeling an ABS pool directly. Also 
we provide a method for the pricing of an internal tranche. By recognizing that 
the internal tranche price is actually the price of a single name ABS CDS, we 
bootstrap the default and prepayment intensities of a single asset under the 
simplified model, such that the expected loss and amortization of the CDS for any 
given time horizon match the expected loss and amortization of the internal 
tranche. In this way, the default and prepayment intensity "curves" endogenously 
contain the information of the internal tranche stmctures and the CDS price will 
match the internal tranche price. 
Consider a CDO basket B , and under the simplified model we have the single 
]29 
asset h e B associated with default and prepayment intensities {t) and 
(t) for f > 0 . Suppose asset b belongs to a sub-basket 5 e B and S is 
referenced to an ABS pool A. Then asset b can be represented as an internal 
tranche on A, denoted by ,4^ , where and are the attachment and 
detachment and 0 < < 1. We can see that the scheduled amortization 
function of asset b is then defined by the scheduled amortization function of the 
internal tranche , we have (t) = (t) for ^ > 0 and the natural 
maturity 7^ = 7 
We make the assumption that the scheduled amortization function is a step-down 
function with the step-down dates 0 = /^  <t^ < <... < f = 7], and the 
scheduled amortization ftinction is piecewise constant between each of the time 
bucket for / = 1,...,«^, and the scheduled amortization function can be 
represented by a vector where <^ 6., = ^6(^/-i) for 1 ^ ^ • We 
also make the assumption that the default and prepayment intensities are 
piecewise constant on each of the time buckets. Then the default intensity can be 
represented by vector ) and the prepayment intensity can be 
represented by vector ( A ^ , ) . 
Under the simplified model, the expected loss default probability and prepayment 
probability for time interval can be expressed as the following for 
i = 2,..., . 
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Pw . ( l - e - " ' ' " * * - ' ( 5 . 3 ) 
9 . , = / ' ' '« (5,4) 
o ^ 
and we have ^ and 
«»•' = . ( l - e - " " " " ' - ' ' ) . 
For pricing an ABS CDS on asset b under the sirapHfied model, if we assume a 
fixed recovery rate (0 < < 1), the expected loss for time interval , t. ] 
can be expressed as below. 
TL'r' ' = ( A ( 5 . 5 ) 
The expected amortization for time interval {t._^, t.) can be expressed as 
TA'^"'' = (A ~^i)• i^bj + Pb,i ~(1 ~&) • ^b,i • Pb,i\ (5.6) 
With and + 
j=\ j=\ j=\ J=\ 
the expected loss and amortization amounts of the ABS CDS up to time , the 
pricing formula of a single name ABS CDS under the simplified model is in the 
same format as the pricing formula of a CDO tranche. The protection and 
premium legs can be expressed as below. 
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Protection = ^ ' ) • /^(O, t.) (5.7) 
f=l 
f - a j -TZj; -TW^' ] - f(0,f,.) - ( 5 . 8 ) 
7=1 
where /?(0,/, ) is the discount factor for time ; Jc/, is the day count fraction 
of time interval and 5 is the fixed CDS spread. By replacing TI^ l by 
TL ' \ and TA '^ by TAK , the above formulas become the pricing formulas for 
«A 
the internal tranche A^^  with the same fixed spread ^ . 
Then the equation; ri'%, - T l H = rij""' ' and TA''i,^-TA''t=TA'^-"'' will 
«6 "b "6 
ensure that the price of the ABS CDS match the price of the internal tranche. 
We write S', = 1 and 5,. = e f o r i = 2,...,n^\ and we write 
TL.- — and TA^ = — for z = 1,...,^^. Then we 
have the following equations for the bootstrapping the default and prepayment 
intensities. 
- 7 4 • ln( l -7Z, -TA.) 
{TLf +TA.)-{t. -i,_,) K, % (5.10) 
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We can see that for bootstrapping the default and prepayment intensities, we only 
require the expected loss amount TL! and the expected amortization amount 
TA'fy for the internal tranche on each of the step-down date. Diagram 5.1 
demonstrates the whole procedure of the bootstrapping and pricing of a CDO 
Tranche on ABS. 
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5.4 A Diversity Score Approach for the Pricing of Internal 
Tranche 
In section 5.3, we provide an approach for bootstrapping the default and 
prepayment intensities from the expected loss and amortization of the referenced 
internal tranche. With the approach, the price of a single name ABS CDS matches 
the price of the referenced internal tranche. As discussed in section 5.2, to 
determine the expected loss and amortization amount of an internal tranche, we 
need to get the infonnation of the default, prepayment and scheduled amortization 
for each of the underlying single ABS loan. However, each single loan is not 
tradable in the market, the only information we can get is the market spread of the 
internal tranche. To avoid the difficulties of obtaining the detailed information of 
each of underlying ABS loans, we introduce a diversity score approach for the 
pricing of an internal tranche. 
5.4,1 Diversity Score and Homogeneous ABS Pool 
For an ABS pool, there is no market information about the underlying constituents. 
Usually, an ABS pool is constituted by a large number of individual ABS loans 
with similar financial characters, such as default and prepayment probabilities, 
amortization schedules and loan sizes. The performance of default and 
prepayment of each individual ABS loan is normally driven by two kinds of 
uncertain factors; a local factor and a global factor. In the whole ABS pool, there 
exists several hypothetical asset blocks, an asset block can be thought of as a 
sub-basket of the ABS pool, and within which the performance of individual 
assets are driven by the same local factor, for example a regional factor. A global 
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factor can be thought of as economic factor, for example the interest rate, which 
affects the performance of every single individual loan in the ABS pool. So the 
co-performance within an ABS pool exhibits a kind of "block" correlations. 
In our model, we introduce the diversity score of an ABS pool, which is defined 
as the number of asset blocks in an ABS pool. We also make the following 
assumptions. 
1. An ABS pool is constituted by a large number of homogeneous individual 
ABS loans. 
2. In an ABS pool, each of the asset blocks has the same number of 
individual ABS loans. 
3. Within an asset block, the defaults and prepayments of the individual 
loans are perfectly correlated. 
4. There is no correlation between each of the asset blocks. 
Consider an ABS pool A with n underlying ABS loans. If the ABS pool is 
homogeneous, then for any ABS loans a,a' eA and a^a' in the pool, they 
have identical initial balance: = N^, ; identical scheduled amortization 
function: (/) = (t) for t>0 ; and identical default and prepayment 
intensities: = and h^{t) = h^'{t) for f > 0 . For simplicity, we 
further assume that the ABS loans have an identical fixed recovery rate = 0 , 
such that in a default event with a event time r > 0 , the loan suffers a full loss 
fa (^) ' , which is the full outstanding notional of the loan. If the event is a 
prepayment, the loan has an unscheduled amortization of the full outstanding 
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balance equals to (r) - . We can see that the initial balance of the 
homogeneous ABS pool is N ^ = n- N and the scheduled amortization function 
is identical to the scheduled amortization function of the underlying ABS loan, we 
have = for ^ > 0 . 
With the assumptions on the diversity model, the ABS pool can be viewed as a 
basket of homogeneous independent assets, where the number of assets is equal to 
the diversity score, denoted by K . Then all the single assets have identical initial 
N. 
balance N 
K 
, recovery rate R = , default and prepayment intensities 
h'^{t) = h^{t) and h^{t) = h^{t) for / > 0 , and scheduled amortization 
function = for t>Q. Diagram 5.2 demonstrates the structure of an 
internal tranche and how the diversity score approach is applied. 
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For simplicity, we assume the default and prepayment intensities are constant over 
time, i.e. (t) = and h'^ (/) = (t) and the event intensity . 
For some given time horizon f > 0 , the default and prepayment probabilities in 
time bucket {t, t + At) can be expressed as below under the model we introduced 
in Chapter 3. 
• a - ' ' " " ) 
n 
We make the assumption that the scheduled amortization function ^{t) is a 
step-down function with the step-down dates 0 =/g T , 
where T is the natural maturity of the ABS pool. The scheduled amortization 
fiinction is then piecewise constant between each of the time bucket for 
i = and it can be represented by a vector , where 
for . We call each the scheduled amortization factor and we have 
0 < ,^. < i , for \<i<m . For a given step down date t. for i = we can 
write the default probability and prepayment probability as below. 
The assumption of constant default and prepayment intensities on single ABS loan is mainly for the 
simplicity of calibration in the situation that we are lack of market information. This assumption can always 
be relaxed upon if further detailed information can be obtained for the ABS pool, for example, some 
historically fitted prepayment speed curve; and the pricing fonnulas for the internal tranches are in the same 
form as that for constant default and prepayment intensities. 
We should note that is not defined in vector however this does not affect the 
pricing since we have <^{T} — 0 . 
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/=I 
(5.12) 
/ = ! 
where p, is the probabihty of default before t., and q, is the probability of 
prepayment before. We also have p, +q, = 1 - e"* '' the probability of having an 
event before t , . 
5.4.2 A Polynomial Expansion Method 
We define the scheduled unit u ( 0 < w < l ) a s the greatest common divisor of 
the scheduled amortization factors, and we can write =n.-u for i = 
where each n. is a non-negative integer. Remember it is always assumed 
1 (^0) = 1, so we have , and we call it the total number of scheduled units. 
u 
On each of the single ABS loan, the loss and amortization amount is not only 
depending on the three states but also on the time the asset enters that state. 
The scheduled amortization vector is then represented by an integer vector 
associated with a scheduled unit w, and we have n. > « , + , for 
1 < / < OT - 1 . Then for a given step-down date t., the distribution of number of 
scheduled unit given default and amortization can be calculated via a polynomial 
expansion method. We write 
138 
U,Xx) = ( 1 - + (5-13) 
7=1 
= + 0 - ; ) , , -9',,)-;: '" +Z^,y-,/y 
/ = ! 
and we get polynomials P, (x) and Q, (x) as below 
P,,(x) = [C/, (x) ] ' = X a , , W ' x ' (5.15) 
k=0 
a , ( x ) = [K,(x)] ' (5.16) 
k=0 
where a, {k) is the probability that the ABS pool having k amortization unit 
losses over the time interval [0,?, ], and b, {k) is the probability that the ABS 
pool having k units amortizations over the time interval [0, ]. This polynomial 
expansion method is introduced for the construction of the loss and amortization 
distributions of an ABS pool recursively under our diversity score approach. The 
method is a simple alternative to the Fourier transform method introduced in the 
last chapter. 
5.5 Summary 
In this chapter, we examine an alternative method for the pricing of an ABS CDS. 
Based on the default and prepayment framework developed in Chapter 3, the 
method prices an ABS CDS as an internal tranche of an ABS pool. Due to the lack 
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of market information on the individual ABS loans, we assume an ABS pool is 
large and homogeneous. This assumption reduces the required inputs to three 
parameters; a default intensity, a prepayment intensity and a scheduled 
amortization curve, which should be obtained on the ABS pool level. A diversity 
score approach is introduced to produce certain correlation degrees within an ABS 
pool, where the diversity score can be calibrated to a single ABS CDS credit 
spread. We applied this method for the calibration of the default and prepayment 
intensity curves used in the simplified model, where the term structure of the 
intensity curves are endogenously generated by the dynamics provided by the 
internal tranches. This method can also be directly used as the building block for a 
"tranche of tranche" type model for the pricing of a CDO tranche ABS. 
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Chapter 6 
Conclusion 
In this thesis, we introduce a framework for the modehng of CDO tranche on 
ABS. More generally, it can be viewed as the modeling of the credit default and 
default correlation risk on amortizing assets with prepayment features. The default 
and prepayment of a single name ABS asset is modeled as intensity-based, where 
default and prepayment intensities are exogenous parameters that can be directly 
calibrated from the market. Specific prepayment models that examine the 
economic factors driving prepayments can also be used as auxiliary models to 
generate prepayment term structures for the calibration of our model. The basket 
dependencies structure is captured dynamically using a copula method, where a 
structural type modeling idea is applied to retain the internal tranche seniorities. A 
Semi-analytical solution is obtained via a Fourier transform method. The model is 
also "backward-compatible" in that a standard corporate CDO tranche can be 
priced in our model as a special case. 
Summary 
We developed a modeling framework for the pricing of a CDO tranche on ABS. 
The framework also provides the pricing formulas of single name synthetic ABS 
products such as an ABS CDS and ABS cash products such as an ABS bond. The 
model is an extension to the standard corporate credit default and default 
dependency modeling framework. The unique feature of ABS is captured in the 
model by introducing a prepayment intensity and scheduled amortization function 
into the standard framework. Analogous to the default intensity in the standard 
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corporate framework, the prepayment intensity is a measure of the Hkehhood that 
a prepayment could happen to an ABS asset in a small time interval. 
In the traditional corporate credit world, the underlying corporate assets are 
assumed to have binary states: default or survival. In our model, we introduce an 
extra state to the ABS asset: the prepayment state. Under our model construction, 
the default and prepayment states are defined as absorbing states. 
We extended the standard corporate copula model to include prepayments of the 
single ABS assets. The concept of correlation is no longer the default correlation 
introduced by Li (2000), but the correlation of event times between each of the 
assets. Furthermore, the random splitting of an event to default and prepayment 
also follows the copula, where in a high correlation environment, events are likely 
to be happening or not happening together. Furthennore, if events do occur, it is 
very much likely that either defaults happened together or prepayments happened 
together. The default and prepayment are then split from an event and the 
inter-relationship of default and prepayment of a single ABS asset is dynamically 
captured in the extended copula modeling framework. The internal dependencies 
of defaults and prepayments for single ABS assets referenced to the same ABS 
pool are retained by applying the common factor to the ABS pools rather than 
single ABS assets. The default and prepayment order is achieved according to the 
seniority of a tranche in the frill capital structure of the referenced ABS pool, 
which are reflected by different default and prepayment intensities. 
Possible Further Research 
As indicated in chapter 3, our extended Gaussian copula framework allows a 
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stochastic interest rate to be correlated with the common factor, in this way a 
correlation between the prepayment rate and the interest rate can be captured. In 
the thesis, we concentrated on characterizing the complex correlation structure 
within a basket having default and prepayment uncertainties, so only Gaussian 
copula approach is examined due to its analytical tractability and simplicity. 
However, other types of copula functions are also allowed to be used under our 
modeling framework if necessary. For example, if the TABX market starts to 
become liquid and produces some correlation skews, other types of copula might 
be useful to be examined. 
A diversity score approach is introduced in Chapter 5 for the valuation of an 
internal tranche. It is a simpler alternative to the copula method to achieve 
conditional independence within a basket, and simplifies the computation of the 
loss and amortization distributions of an ABS pool. The approach avoids the 
correlation parameter as a model input but introduces a diversity score as an extra 
input. In this thesis, this approach is only applied for the calibration of default and 
prepayment intensities for the simplified model introduced in Chapter 3. 
However, the method can be directly applied to provide a building block for the 
pricing of a CDO tranche on ABS, where a full capital structure model can be 
achieved. 
We build up our fiindamental default and prepayment framework based on a Cox 
process for the preparation of some possible stochastic default and prepayment 
intensities to be introduced into the model. The correlation structure can be 
constructed upon the stochastic intensity and interest rate processes, this is a 
possible alternative approach to the standard copula methods for achieving the 
dependence between default, prepayment and interest rate or other economic 
factors. 
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Contribution 
A lot of research has been done for the modeling of default and default 
dependency in the corporate credit derivative area. The prepayment model is also 
been studied deeply for the modeling of Mortgaged-backed securities as we 
mentioned in the literature review in Chapter 2. However these two modeling 
areas remain quite isolated from each other although prepayment models have 
shared a lot of ideas from the default modeling area. The launch of synthetic ABS 
products raises a need to link these two modeling areas together. An integrated 
mathematical model is urgently required by the market for the further 
development of complex synthetic ABS products such as CDO tranche on ABS. 
Our model bridges the gap between the two modeling areas and an integrated 
modeling framework is provided. We introduced a simplified model in Chapter 3, 
which significantly reduced the complex structure of a CDO tranche on ABS, and 
at the same time the dependence structure within an ABS basket is dynamically 
captured. In addition, a backward compatibility is achieved, where a standard 
corporate CDO tranche can be priced as a special case within our modeling 
framework with zero prepayment intensity and a bullet amortization function. A 
semi-analytical solution is achieved via a Fourier transfomi method, which is 
important for the calibration of the correlation parameters required by the model if 
the market is going to provide reliable correlation information. 
With the Monte-Carlo simulation procedure naturally provided by our modeling 
framework, we examined some variance reduction techniques in Chapter 4 and 
some efficient pricing and risk calculation routines are provided. As we have 
achieved the backward-compatibility with the standard corporate CDO model, 
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those techniques are also applicable for a standard CDO tranche pricing. 
In Chapter 5, with the consideration that an ABS CDS can be priced as an 
internal tranche on an ABS pool, we compared the pricing formulas between the 
two under our simplified model and a general pricing formula is agreed. This 
agreement provided a method to endogenously determine the term structure of the 
default and prepayment intensity curves by looking at the full capital structure of 
an ABS pool, where a bootstrapping method is derived. The introduction of the 
diversity score approach reduced the number of input parameters need for pricing 
an internal ABS tranche, which make the calibration of the term structure of the 
intensity curves become possible in an incomplete market. This achievement is 
important for the practice of a relative pricing of a CDO tranche on an ABS, 
where the underlying assets are referenced to obligations. 
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